Wave-induced oscillations of small moored vessels by Raichlen, Fredric
WAVE-INDUCED OSCILLATIONS OF 
SMALL MOORED VESSELS 
F r e d r i c  Raichlen 
Assis tant  P ro fes so r  of Civil Engineering 
Report t o  : 
U.  S. Army Engineer Waterways Experiment Station 
Corps of Engineers  
Office of the Director  
Vicksburg, Mississippi 
Contract DA-22-079-CIVENG-64- l l  
W. M. Keck Laboratory of Hydraulics and Water Resources 
Divisior- of Engineering and Applied Science 
California Institute of Technology 
Pasadena,  California 
Report  KH-R-10 October 1965 
TABLEOF CONTENTS 
ABSTRACT 
Page  
vii  
1. Introduction 
1. 1 General Considerations 
1 . 2  Li te ra ture  Survey - Moored Bodies 
1. 3  Li tera ture  Survey - Virtual Mass 
2. Theoretical Considerations 
2. 1 Single Body Motion in  Surge 
2. 2 Coupled Body Motion in Surge 
3 .  Experimental Equipment and Procedures  
3 .  1 Wave Basin 
3 .  2 Wave Generator 
3 .  3  Model Support Structure and Model 
3 . 4  Instrumentation 
3 . 4 .  1 Measurement of Wave Pe r iod  
3 . 4 . 2  Measurement of Wave Amplitude 
3 .  4 .  3  Measurement  of Body Amplitude 
Page  
4. Presentat ion and Discussion of Results 
4 . 1  Character is t ics  of Moored Body in 
F r e e  Oscillation 
4 . 2  Character is t ics  of Wave Basin 
4. 3 Character is t ics  of Moored Body in 
Forced  OS cillation 
4 .3 .  1 Linearity of System 
4. 3.  2 General Character is t ics  of Wave 
System 
4 . 3 . 3  Response of Moored Body 
5. Conclusions and Recommendations 
5. 1 Conclusions Related to  the Laboratory 
Investigation 
5 . 2  Conclusions and Recommendations Related 
to the Prototype System 
ACKNOWLEDGEMENTS 
APPENDIX A 
System Charac ter i s t ics  for Determination of Damping 100 " 
Coefficients and Virtual Mass Coefficients 
REFERENCES 
iii 
LIST OF FIGURES 
Page  
Fig.  1 Definition Sketch of Single Moored Body 
Fig.  2 Variation of Modified Wave Function, a ,  with Wave 
Number,  Draft, and Depth 
Fig.  3 Variation of Wave Function with Relative Period,  TIT 
Fig.  4 Theoretical Response Curve Single Moored Body 
Fig.  5 Definition Sketch of Coupled Body System 
Fig. 6a Undamped Response Curve Coupled Body System 
Fig. 6b General Character is t ics  of Wave System 
Fig. 7a 
Fig.  7b 
Fig.  8 
Fig.  9 
Fig.  10 
Fig.  l l a  
Fig.  1 l b  
Fig.  12 
Fig.  13 
Fig. 14 
Fig.  15 
Fig.  16 
Theoretical Response Curve of Coupled Body System 
Theoretical Response Curve of Coupled Body System 
Variation of Relative Body Motion, XI /X2 , with 
Normalized Pe r iod  T2 / T 
Variation of Response Function, X/A, at Resonance 
with Damping Coefficient, B X / W  fo r  F i r s t  Mode of 
0 s cillation 
Detailed Drawing and Overall  View of Wave Basin 
and Wave Generator 
View of Wave Generator and Overhead Support 
View of Skotch Yoke, Wave Pe r iod  Light Source,  
and Pe r fo ra t ed  Disc 
View of Model Support Structure 
View of Model and Model Support Structure 
Schematic Diagram and Circui t  of Photo-Cell  Device 
Circui t  Diagram for Wave Gage 
Drawing of Typical Wave Gage 
Fig.  17 
F ig .  18 
Fig.  19 
Fig.  20 
Fig.  21 
F ig .  22 
F ig .  23 
F ig .  24 
Fig.  25 
Fig.  26 
F ig .  27a 
F ig .  27b 
F ig .  28 
F ig .  29 
Fig.  30a 
F ig .  30b 
Typical Cal ibrat ion Curve  fo r  Wave Gage 
Circui t  D iag ram fo r  L inear  Variable  Differential  
T r a n s f o r m e r  u sed  in  Recording Body Motion 
Typical Cal ibrat ion Curve for  L inear  Variable  
Different ia l  T r a n s f o r m e r  
Wave Gage Lo  cations and Sample Record  of 
Varia t ion of Water  Surface and Body Posi t ion 
with Time 
Varia t ion of Body Displacement with Applied F o r c e  
Variation of Vir tual  Mass  Coefficient, CM, with 
Rat io  of Draf t  of Body to  Beam of Body, D / B  
Schematic  Drawing of Damped F r e e  Oscil lat ions of Body 
Damped F r e e  Oscil lat ion of Body 
Variation of Damping Coefficient 'x/ w with Produc t  
of Ci rcu la r  Frequency  and Draft ,  w D 
Wave Basin Response with and without Body 
Wave Height Measured  at Three  Locations along 
Bas in  Backwall as a Function of Relative P e r i o d ,  
(. 3 < 7 / ~  < . 9),  Body in  P l a c e  
Wave Height Measured  a t  Th ree  Locations along 
Bas in  Backwall as a Function of Relative P e r i o d ,  
(. 7 < 7 / ~  < 1 .4 ) ,  Body in  P l a c e  
The Effect  of Wave Generator  Stroke on Wave Height, 
Body Displacement ,  and Response Function 
Varia t ion of Ratio of Wave Lengtli t o  Deep- Water  
Wave Length, 1 / 1 ,  with Relative P e r i o d  7/ T 
General  Cha rac t e r i s t i c s  of Wave Sys tem 
( T  = 1.305 sec .  ) 
General  Cha rac t e r i s t i c s  of Wave Sys tem 
(T  = 0.664  sec .  ) 
Page  
Page  
Fig. 3 1 Response Curve of Single Moored Body 
(7  = 1.305 sec.  , b = 1. 95 f t )  
Fig.  32 Response Curve of Single Moored Body 
( T  = 1. 305 s e c . ,  b = 4 . 0  f t )  
Fig.  33 Response Curve of Single Moored Body 
( T  = 1. 305 sec.  , b = 6.0  ft)  
Fig.  34 Effect of Body Position and Wave, Pe r iod  on the 
Response Curve of a Body with a Given Natural 
Pe r iod  
Fig. 35 Response Curve of Single Moored Body 
( T  = 0. 664 s e c . ,  b = 2. 0 ft)  
Fig.  36 Response Curve of Single Moored Body 
(7 = 0. 664 s e c . ,  b = 4 .0  f t )  
Fig.  37  Response Curve of Single Moored Body 
( T  = 0. 664 s e c . ,  b = 6.0 ft)  
LIST O F  TABLES 
Table Page  
1 Comparisons  of Apparent and Actual Spring Constants 
fo r  Various Draf t s  of the  Body 58 
2 Resonant P e r i o d s  for  Closed Basin Sys tem 70 
3 Wave Generator  Configuration and Stroke (T= 1. 305 sec .  ) 83 
A -  1 Sys tem Cha rac t e r i s t i c s  fo r  Determination of Damping 
Coefficients and Vir tual  Mass  Coefficients 100 
vii 
ABSTRACT 
The general  objective of this r e sea rch  is to investigate the motion 
of smal l  boats moored to fixed o r  floating platforms in a standing wave 
environment. The study i s  directed toward an  understanding of the 
problems of mooring smal l  craf t  in mar inas  and toward providing in- 
formation that will a s s i s t  in the planning and operation of marinas.  
This r epor t  deals with the f i r s t  phase of the experimental study 
concerning the surge  motions of a simply moored body in a standing 
wave system. 
fixed support by means of a l inear  spring. 
In general  i t  can be stated that th'e inviscid theory proposed by 
Wilson (5) and Kilner (7) adequately descr ibes  the surge motion of this 
body for standing waves ranging f r o m  shallow.- water  to deep- water 
waves and for  ra t ios  of body length to wave length f r o m  0 .  1 to 1. 5. 
Agreement between the experimental data and the theoretical response 
curves is bet ter  for  cer tain ranges of the ra t io  of the natural period of 
the body to the wave period than f o r  others .  This is attributed to the 
effect of wave generation by the body on its motion. The response 
curves become m o r e  selective with respec t  to frequency a s  the distance 
of the body f r o m  a reflecting sur face  increases .  Therefore,  coupling 
this with viscous effects it is possible to reduce the effect of resonance 
considerably simply by choosing the proper  body location in  i t s  standing 
wave environment for a part icular  natural  frequency. 
viii 
The coefficient of vir tual  m a s s  of the body in surge  (rat io  of width 
to  length, 1:4) determined f r o m  simple f r e e  oscillations was found to cor -  
re la te  bes t  with the r a t io  of draf t  to beam. F o r  a variation of draft  to 
beam f rom 0 .  25 to 0 .  95 the coefficient of virtual m a s s  var ied  f r o m  
approximately 1 .1  to 1. 25. 
This study emphasizes  the need for  more  field information on the 
character is t ics  of sma l l  craf t ,  such a s  the elast ic  charac ter i s t ics  of 
the mooring system, natural  frequencies of moored boats,  and the 
relative importance of viscous effects upon boat motions. 
Wave-Induced Oscillations of Small Moored Vessels 
by 
Fredric Raichlen 
. 1. Introduction 
1. 1 General Considerations 
The problem of the mooring of small craft has become increasingly 
important in recent years with the increase in the number and size of 
small boat marinas in both coastal and inland areas .  Small craft har-  
bors have ceased being simply harbors of refuge; some marinas now 
exist which a r e  multi- million dollar investments providing valuable 
real  estate which can be developed in addition to berthing facilities for 
pleasure craft. An example of one of these large projects i s  the Marina 
del Rey located near Los Angeles, California. The total investment for 
this marina (including federal government, local government, and 
private investments) exceeds $150,000,000 (see Lee (1)). When a har - 
-
the project and methods of c o r r e c t i s t h e  problem. There a r e  many 
__r_Fll_l ------ .=."-- '-------I - --"-- 
other coastal and inland marinas throughout the United States which 
a r e  smaller in size or  in the total funds invested, but to the owner of 
the moored boat excessive boat motions a r e  a s  important to him a s  
they a r e  to the managers of a complex the size of Marina del Rey. 
According to Dunham (2)  in the period f r o m  1950 to 1959 the num- 
ber of recreat ional  boats . in  use throughout the United States m o r e  than 
doubled. In 1950 there  were  l e s s  than 3,000,000 sma l l  craf t  being 
used in the United States whereas this number grew to approximately 
7,800,000 in  1959. The incremental  yearly growth itself increased 
during the period by roughly 100,000 boats p e r  year .  Of course a l l  of 
these boats a r e  not moored in  mar ina  facil i t ies;  however, f r o m  these 
numbers it i s  apparent that the problems of the adequate design of 
mooring facil i t ies and of the overal l  mar ina  design a r e  of increasing 
importance. 
These two problem a r e a s  a r e  very much related. The smal l  boat 
and i t s  mooring ar rangement  in effect form a sys tem having cer tain 
response charac ter i s t ics  analogous to  a mechanical sys t em res t ra ined  
by l inear  o r  non-linear spr ings.  The wave sys tem within the marina 
can a lso  be thought of a s  having a mechanical analogue. Therefore,  the 
- 
response charac ter i s t ics  of the moored body intimately depend upon 
the response of the harbor  to cer tain wave sys tems incident upon the 
--- 
-. -----. -."-.-...-.- ----- -..---.- 
harbor  entrance, since the la t te r  provides the forcing function for the 
-- -- - 
- -- -- ^ --- - _ _ _ _ ^ _  
sma l l  boat. Hence, a general  study of the problems related to the 
oscillation of sma l l  moored vesse ls  must  really deal with two phases: 
the investigation of the wave induced oscillations of a r b i t r a r y  shaped 
basins,  and the response of moored smal l  boats in this  wave environ- 
ment. 
A study was initiated a t  the W. M. Keck Laboratory of Hydraulics 
and Water Resources  at the  California Institute of Technology,Pasadena, 
California late in 1963 to study the general problem of the wave induced 
oscillations of small moored vessels.  In a broad sense this study has 
three major objectives: 
1. The investigation of the motions of simple bodies 
elastically moored to a fixed support and subjected to standing 
waves having depth to wave length ratios which range from the 
limits of deep water to shallow water waves. 
2 .  The study of the motion of simple bodies elastically 
moored to floating platforms which a r e  in turn moored to 
fixed supports. This mooring arrangement has some of the 
features of a typical marina mooring system. 
3 .  The investigation of the wave induced oscillations 
in  basins of arbit  r a ry  shape. 
This report deals primarily with the f i rs t  of these three objectives. 
Specifically, i t  was considered important to f irst  investigate experi- 
mentally the behavior of simple bodies, simply moored, to compare 
these results to certain theoretical approaches that have been proposed 
by others. The theoretical considerations will be treated in some 
detail in Section 2. 1. 
The problem of the mooring of small craft i s  considered to be 
-- 
- 
oring problem. In the large 
.-" 
ship problem usually waves of relatively long periods _II_Fn_L_II_Fn_L a r e  important 
Y -- 
a s  far  a s  motions a r e  concerned. This more or  l ess  limits the problem 
-" A- - - - -  ------"--- - - ___I __ > - 
to a shallow water wave system. In the case of pleasure craft the wave 
.- --- 
_ _ __ _---11 -, . *- 
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system which i s  important for vessel motions may vary from shallow 
-"-"- .- 
- - .- 
-; _- -_- 
----- 
- - 
water to deep water waves dependrng upon the characteristics of the 
----- 
____.."_l__^__----=--------"-~-_ -__1__- 
vessel and i ts  m o o x u  s_y&ern. In addition there i s  a question a s  to 
- -- 
----- 
the relative importance of iner t ia l  forces  and viscous forces  in the two 
cases .  F o r  la rge  craft , inertial  forces  a r e  usually much g rea te r  than 
viscous forces  and the la t te r  can be neglected. However, this question 
has  not been satisfactorily answered for smal l  craft .  
1 . 2  Li tera ture  Survey - Moored Bodies 
Wilson in  Reference 3 begins a s e r i e s  of papers  on the motions of 
moored ships in standing wave sys tems.  In this paper  Wilson presents  
the concept of a ship and i t s  mooring sys tem responding in surge motion 
to  a long period standing wave sys tem in a manner which is analogous to 
a spring-suspended m a s s .  Surge motion i s  defined a s  the motion of the 
- 
ship in the horizontal plane in the direction of the horizontal  water 
_I _ L _ _ I _ _ I * e - - "  ~ ~ ~ ~ - - - - - - - ~  -- - 
part ic le  velocities. He t r e a t s  in some detail  the mooring line sys tem 
-. 1 
which, due to the nature of mooring arrangement ,  is best  represented  
by a non-linear spring system. The general  non-linear equation of 
motion of a body moored in  a standing wave sys tem with non-linear 
constraints i s  presented.  A functional relationship for  the natural  
per iod in t e r m s  of p a r a m e t e r s  of the sys tem i s  determined f r o m  di- 
mensional analysis.  The problem of in te res t  i s  the variation of the 
resonant period (in the longitudinal direction) of a ship-mooring sys tem 
a s  a function of wave amplitude and mooring line constraint. It is shown 
that the m o r e  non-linear the restraining force,  the m o r e  dependent the 
natural  frequency is upon the wave height (and hence the maximum 
water part ic le  excursions).  The natural period of a moored vesse l  i s  
a l so  shown to be a function of the displacement tonnage and the draf t  
for a given depth of water .  F o r  a given ship and mooring sys t em a s  
- 
the wave amplitude inc reases  the natural  period decreases .  As the 
- l- _ - - -  
- - -  - 
- 
ship tonnage decreases  for a given mooring sys tem and wave environ- 
ment the natural  period a lso  decreases .  Some experimental studies 
were conducted in conjunction with this work, but only for the case 
where a ship model is moored a t  the nodal point of a uninodal seiche 
(a long period standing wave). Although model resu l t s  a r e  not pre-  
sented, it i s  s ta ted that the t e s t s  showed that the theory developed i s  
reliable in predicting the effect of non-linear constraints in such a 
system. 
~ b r a m s o n  and Wilson (4) obtain solutions to the undamped equation 
of motion developed in Reference 3 to determine the amplitude response 
of a moored body a s  a function of both the wave period and the type of 
non-linear constraint. The surge motion of the vesse l  is of p r imary  
interest  he re .  This m o r e  r igorous approach confirms to some extent 
the resu l t s  presented in Reference 3. 
Wilson (5)  presents  a comprehensive summary  of his work on the 
mooring force problem. In addition to the question of the response of 
a moored body in  the three  coordinate directions,  the problem of an 
unmoored ship i s  t reated.  Information is presented on the predicted 
response charac ter i s t ics  of var ious ships along with summar ies  of 
more  general  information such a s  vir tual  m a s s  coefficients of r e  ctangu- 
l a r  bodies in  su rge  and heave. The effect of a beam sea  on an 
idealized ship-form is considered f r o m  the point of view of the berthing 
of ships.  
In Reference 6 ,  Wilson applies the approach presented in his p re -  
vious papers  to  the case where an oil tanker par ted  i t s  l ines while 
moored in  a rectangular  basin. In this publication Wilson shows that 
the cause of the accident was probably the response charac ter i s t ics  of 
the tanker and i t s  mooring sys t em when exposed to the fundamental and 
higher harmonic modes of oscillation of the basin. The non-linear 
character is t ics  of the mooring sys tem were  taken into account, and the 
case was t reated a s  a n  undamped oscillation. 
Kilner (7) analyzes the case  of a ship restrained in a non-linear 
fashion af ter  the manner  of Wilson (5). Kilner obtains an approximate 
solution to the non-linear problem assuming no damping. Of p r imary  
in t e res t  he re  a r e  his experimental studies of the cases  of a l inearly and 
a non-°linearly moored body. In o rde r  to show some limitations of the 
experimental study, the experimental equipment will be descr ibed in 
some detail. The t e s t s  were  conducted in a flume 29 ft  long, 5 ft wide, 
with a maximum water  depth of 10 inches. Wave f i l ters  were  placed a t  
either end of a 15 ft  working section. A uninodal seiche was created by 
pumping water f r o m  one end of the flume to another through a discharge 
line controlled by a programmed butterfly valve. The range of periods 
was f rom 2.7 sec  to  25 sec.  The ship model (80 inches long, a beam of 
10 inches,  a draf t  of 6 inches,  and a weight of 135 lbs )  was moored a t  
the center of the flume s o  that the node of the standing wave coincided 
with the center of the body for  all wave lengths. The resu l t s  of these 
t e s t s  tend to  confirm the theoretical solution for  the l inear  spring sys -  
tem; however, the testing i s  l imited to  the somewhat unreal is t ic  case  
of the ship remaining a t  the node of a standing wave for the full range 
of wave periods.  Using the maximum depth of water given, the depth 
to  wave length ra t ios  would then range f r o m  0.06 to 0. 006 which a r e  
essentially within the l imi ts  of the shallow water wave cr i ter ion.  Thus, 
in  summary ,  the experiments were conducted with the vessel  moored 
a t  the node of a shallow water standing wave sys tem where reflections 
of waves generated by the oscillating body were  minimized by the wave 
f i l t e r s  placed a t  either ends of the t e s t  section. The case  of the motion 
of vesse ls  with non-linear res t ra in ts  was a l so  investigated experi-  
mentally, and the resu l t s  agree  with the t rend predicted theoretically. 
In addition to these experiments a mechanical analogy to the problem 
is presented. This consists of a tilting platform whose frequency of 
motion can be var ied  and a plank moored with l inear  springs to the plat- 
,- 
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f o r m  and sep-arated f r o m  i t  by ro l le r  bearings.  Therefore,  a s  the plat- 
--- "-- ," .-. --. .-," ,,-.a-m.. ~,"----,.-.,--.-- --~... -.--...- --..-,-,,d.>--, - .,.. ...-*,".-,,-- - 
f o r m  t i l ts ,  the plank representing a moored ship, oscil lates to and f r o  
in a manner simil.arr'to a ship. This analogy is satisfactory again fo r  a 
case  of a vesse l  in shallow water waves; however, i t  will be shown la te r  
that this representat ion becomes inaccurate as the wave environment 
approaches a deep water wave system. 
Russel l  (8) has  experimentally studied the mooring problem to find 
a means of reducing the impact betw-een ships and docks. His experi-  
ments  take two fo rms :  the study of the motion of a model tanker moored 
alongside jett ies in  a wave sys tem,  and the study of the la te ra l  motions 
of a more  idealized body which was res t ra ined  to  motion in one direc-  
- .---- 
""--.--..-- . 
tion by a stiff spring and in the other by a soft spring. These springs 
" .-__1_^- -- 
were  meant to represent  flexible fenders and mooring lines.  In the 
- -. . 
idealized body study the model was moored a t  the node of a standing 
. _ ._--._I_ 
wave of a 3 s e c  period in 10 inches of water .  The variation of the model 
- . .  .- . . . .- 
I, _.. I^ 
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motion and the mooring force a s  a function of both the stiffness of the 
_I------_____- _ _.."..----- " ---- --- - -- 
I _I 
fenders and the stiffness of the springs which r ep resen t  the mooring 
l ines  were  investigated. The study showed that for a given stiffness of 
the fenders ,  a s  the stiffness of the mooring lines increased the ampli-  
tude of the motion of the vesse l  was a function of the initial fender 
stiffness.  This i s  not surpris ing,  since by changing the charac ter i s t ics  
of the mooring lines one is altering the natural frequency of the moored 
body. However, the na tura l  frequency of the body is a lso  a function of 
the initial s t i f fness  of the fenders.  These two effects combine in  such 
a way that, depending upon the fender stiffness, the change in the elast ic  
charac ter i s t ics  of the mooring lines changes the response of the vesse l  
for a given wave period. Therefore,  the amplitude of the motion of the 
vesse l  can either inc rease  o r  decr,ease a s  the mooring line charac ter i s t ics  
a r e  a l te red  depending upon where the operating point is located on the 
response curve. 
There  have been a number of model and prototype studies of moor - 
ing fo rces  and ship motions for  par t icular  ships. Investigations such 
as those of Knapp ( 9 ) ,  O'Br ien  and ~ u c h e n r e u t h e r  ( l o ) ,  O'Brien and 
Muga ( l l ) ,  and Wiegel e t  a1 (12), a l l  add to the fund of general  know- 
ledge on the subject of motions of la rge  moored vesse ls .  However, f r o m  
the point of view of the motion of sma l l  craf t  and the m o r e  specific nature 
of these studies,  they will  not be discussed here.  
P. 3 Li tera ture  Survey - Virtual Mass 
The forces  acting on any accelerating o r  decelerating body include 
a n  additional force,  not present  in  th/e steady state sys tem,  which is 
------- _I__lb__.- 
associated with the iner t ia  of the  sys tem and an effect due to the p r e s -  
------ 
______---"--- - 
_I 4" - -- 
ence of the fluid. This l a t t e r  effect i s  due to the kinetic energy which 
C___-.-------__PC , 
is imparted to the surrounding fluid a s  the body moves unsteadily 
relative to the fluid. It i s  compensated for in the equations _I_____.-_-_._-,. of motion 
--- 
by considering the body to h__ave-an added m a s s  which moves with the 
<<&-*-. "- .-- -- -. 9 -. 
e 
body such that the resulting kinetic energy of body and fluid is cor rec t .  
- - . .  - - - -  - - - - "" _ "  Ilf 1 _.._ - " 
The combination of the m a s s  of the body and the added m a s s  i s  usually 
=-7- " < " 
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- 
called the vir tual  mass .  The magnit 
- - -  
w--- -"A " * /-I---- 11" 
defining the motions of a moored body. 
. I--"-%. --" ' rr.__--- -- m -  - -  ? * . *  - A "  
* " 
The major  work on measuring the vir tual  m a s s  of floating bodies 
7 has  been done for motions of ship forms in heave and pitch. These 
/ -- 
vert ical  motions a r e  the more  important ones for the case of a ship 
moving (or  dead in the water )  in an open-sea wave system. However, 
for the case of a moored body one of the important-motions i s  the surge 
*s---rl-..Y14-- "- ---- --- -I"--- 
-" 
motion, i. e . ,  motion in the direction of the longitudinal axis of the ship. 
/--- - -  _ _ ? . "  _ _ _ - _ _ _  -..-- .-.,"_- 
A good general  review of the virtual m a s s  problem is given by 
Korvin-Kroukovsky (13). Some detailed considerations of the vir tual  
m a s s  in surge a r e  presented by Wendel (14). In this t reatment  l i t t le 
attention is given to the effect of body dimensions on the added mass .  
Mention i s  made of the experiments performed by Koch (15), which 
were  electr ical  analogue experiments,  in  which he found that for a 
square face moving in the direction of the f r e e  surface the rat io  of the 
added m a s s  in this  case to that in an unbounded fluid was 0.  286. 
Pe rhaps  the information which i s  of grea tes t  in te res t  in the present  
study i s  that  given by Wilson in Reference 5. A graph i s  presented by 
Wilson showing for surge motion the variation of an iner t ia  coefficient, 
which is proportional to the added m a s s ,  with beam to length ratio.  
The resu l t s  of a number of different investigations a r e  shown; however, 
to the knowledge of this wr i t e r  the data presented a t  leas t  f rom one source 
a r e  for the case where the body oscillated vertically instead of in a hori-  
zontal direction ( which is implicit  in the surge problem). Nevertheless 
a comparison of Wilson's resu l t s  with the resu l t s  of the present  study 
will be presented in Section 4. 1 .  
2. Theoretical Considerations 
- 
The theoretical approach used in this study to obtain the equation of 
motion of a single moored body in surge i s  essentially the same. as that 
proposed by Wilson (5 )  and Kilner (7).  It is presented here  in its en- 
t i re ty for the sake of completeness and to descr ibe the importance of 
various t e r m s  in the solution. In addition this method is extended to 
descr ibe the surge  of coupled bodies. 
2. 1 Single Body Motion in Surge 
Since the p r i m a r y  objective of this study i s  to investigate the 
fundamental behavior of moored sys tems,  only bodies of simple geome- 
t r y  a r e  considered. The body which i s  t rea ted  h e r e  i s  a simple r ec -  
tangular parallelpiped of length 2L, d ra f t  D, and beam B moored such 
that the only allowable motions a r e  those in  surge.  A sketch of the body__ 
- 
in  i t s  wave environment i s  shown in Fig. 1. The wave sys tem con- 
s idered  is a standing wave sys tem in a rectangular basin of constant 
depth d in which the body is moored some distance b f r o m  a perfectly 
reflecting wall. The coordinate x is measured  f rom the center of the 
body when i t  is a t  r e s t .  Using small  amplitude wave theory the standing 
wave i s  descr ibed by the following three expressions for the wave ampli-  
tude q , velocity potential O , and the water  par t ic le  velocity u: 
7 = A cos k (b tx)  cos a t  (1 
@ =  - Ag cash (dtz) cos k (b+x) s in  o t  
0 cosh kd 
u = -  *gk 'Osh (dtz) sin k /b+x) s in  o t 
0 cosh kd 
where A is the standing wave amplitude, k is the wave number ( 2 ~ r  /wave 
length, X ), a is the c i rcu lar  wave frequency (2~r/wave period, T),  g i s  
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Fig .  1. Definition Sketch of Single Moored Body 
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the acceleration'of gravity, and the other pa ramete r s  a r e  described in 
the definition sketch, Fig. 1. 
The equation of motion of the moored body in surge i s :  
~ ; i  = 1 (External F o r c e s )  
M 2 =  F t F i f F d + F  
P r 
2 
where ; = and M is the m a s s  of the moored body. The 2 
on the right in  Eq. 4 i s  the net p r e s s u r e  force acting on the 
body and i s  a driving force in the x-direction. It i s  defined 
f i r s t  t e r m  
ends of the 
as :  
where p( -L,  z )  and p(L,  z )  a r e  the p r e s s u r e s  on the ends of the body a t  
x = - L  and x = t L  respectively.  The general  f o r m  of the depthwise 
p r e s s u r e  distribution under a smal l  amplitude standing wave is :  
cosh k ( z td )  
P = y q  c o s h k d  - Y z  
After substituting Eq. 6 into Eq. 5 and integrating over the immersed  
height of the body, the net p res su re  force p e r  unit width of the body 
i s  obtained: 
F 
sin.h kd - sinh ks  I 2 2 _L? = B cosh kd - 2 h L - q  tL 1 
where 
q - L  = A cos k (b-L)  cos a t  
= A cos k (b tL)  cos a t  
\ 
..J 
q + ~  
After  substituting these definitions of the wave amplitude a t  the ends of 
the body into Eq. 7, the net p res su re  force  is given by: 
2ABy sinh kd - sinh ks  
,in k~ sin kb cos a t  
F P =-[ k cosh kd I 
- -  
2 
s in  2kL s in  2kb cos o t  2 
It can be shown that the ra t io  of the second t e r m  in Eq. 8 to  the f i r s t  
A Therefore for  sma l l  t e r m ,  a t  worse,  goes a s  the wave steepness -A .  
amplitude waves the net p r e s s u r e  force reduces to: 
sinh kd - sinh ks  
sin kL sin kb cos o t  
P cosh kd 1 
It i s  convenient now to define an average water  par t ic le  velocity and an 
average water  par t ic le  accelerat ion a s  being the average of the total 
velocity and accelerat ion over the wetted surface,  i. e.  , : 
After substituting Eq. 3 and i t s  derivative into Eqs.  10a and lob  
respec t ive ly  the average water  par t ic le  velocity and accelerat ion 
be come : 
Ag sinh kd - sinh k s  sin kL sin kb sin U =-[ kLDo cosh kd I 
I (1 l b )  sinh kd - sinh k s  s in  kL s in  kb cos a t  cosh kd 
After substituting Eq. l l b  into Eq. 9, the la t te r  reduces to the simple 
expression: 
* 
F = M U  
P 
(12) 
wherein M = ~ ~ L B D ,  the m a s s  of the fluid displaced by the floating body. 
This same re su l t  could have been obtained in a much simpler way f rom 
/ - 
--r----- ____-_1_-- 
classical  hydrodynamic theory, smce  the net p r e s s u r e  force is the force  
__C_____1------- --- 
- --"_.._ -_?___-_ -_-. -- -1- -_  
exerted on the body by the p r e s s u r e  gradient which exists in the absence 
I-- - ------------ --- __ _ _^ ----- --....- -----l_.l_____l_l ___ I I - -.--- ..-- L - ___ 
of the body. The p res su re  gradient in the horizontal direction resulting 
---.---.- """ - 
f rom the local acceleration (neglecting convective accelerations which 
is compatible with smal l  amplitude wave assumptions)  is given by the 
equation of motion: 
The net p r e s s u r e  force  is then: 
Since this integral  i s  the average of the water  par t ic le  acceleration over 
the volume, i t  reduces to: 
which i s  identical to Eq. 12. It i s  interesting a t  this  point to reduce 
d 1 Eq. 9 t o t h e c a s e o f s h a l l o w w a t e r w a v e s  (-< ) I n t h i s c a s e t h e n e t  X 20 
p r e s s u r e  force reduces to: 
The maximum wave slope with respec t  to t ime,  f rom Eq. 1, for  shallow 
water  waves is: 
- dq 2 -Ak (kb + kx) 
dx 
o r  a t  the center of the body (x=O) the slope is :  
Therefore,  for the case  of shallow water waves the net p r e s s u r e  force 
be comes : 
or  the component of the body weight causing the body to "slide" down the 
wave face.  Hence, the moored sys tem analogy proposed by Kilner (7) 
consisting of the tilting plank described in  Section 1 . 2  is valid only for 
a shallow water wave system. 
The t e r m  Fi in Eq. 4 is an iner t ia l  force which comes about due to 
the unsteady nature of the problem and the acceleration o r  deceleration 
of some m a s s  of fluid in addition to the body. It i s  the product of the 
added m a s s  o r  hydrodynamic m a s s  of the floating body in the x-direction, 
MIx, and the relative body acceleration. This t e r m ,  s imi l a r  to the drag 
t e r m  F i s  both a driving force and a restor ing force and is expressed d' 
as :  
It is assumed that the water  par t ic le  acceleration which would be asso-  
ciated with the hydrodynamic m a s s  in  surge,  MIx, is an  average 
accelerat ion given by Eqs .  10b and 1 l b .  
In a s imi lar  way the viscous drag t e r m  F in Eq. 4 is expressed  d 
in t e r m s  of the relative body velocity. This is given by: 
where CD is a drag  coefficient for  the body in surge.  The absolute 
X 
value of (u-k) allows the d rag  force  to periodically r e v e r s e  direction. 
The restor ing force  Fr can take on various fo rms  depending on the 
type of mooring sys t em used. Wilson ( 3 )  has  suggested that for  ship 
mooring sys tems this f o r c e  i s  of the form: 
where C is a constant and the minus sign indicates that the mooring 
force a c t s  in a direction opposite to  the direction of motion. 
After substituting Eqs. 12, 18, 19 and 20 into Eq. 4, the equation 
of motion of the body in surge becomes: 
After defining the virtual mass coefficient C as:  
M ' M 
Eq. 21 reduces to: 
Eq. 22 i s  non-linear by virtue of the drag force and the restoring force 
terms.  In order to obtain solutions for the case of a non-linear mooring 
line force Wilson (4) and Kilner (7 )  have neglected the viscous drag 
relative to the inertia terms and have then obtained a solution to the 
reduced expression. 
Our interests  in the initial phases of this study- were directed more 
c- ---"--*--*-- -----* "-.- 
toward determining the applicability of this general approach to the 
__-.----l."---.- ..^  "-. _" - , _ _ _ >XI ."* ^ --.- " _/ -_^ I "_ ._ - _ I. IUI"--= I--- 
small-craft problem where viscous forces may be important and where 
-_C____-_C_____C____~~ I ~ _ _ _ ~ ~ - ~ ~  *.--." * . .  A .  - -  ' - *  - * ,- 
a full range of depth to wave length and body length to wave length ratios 
_ 
----"..7-- . =  ._--- ,*, , i..-C- -i *- L -'dm "-- -WVm--  ,-
a r e  encountered. Therefore, it was considered reasonable in the experi- 
_. *.,.- r_,.an"-------~= 
mental phases to limit ourselves initially to the case of a linear re-  
storing force (n = l ) ,  and the following discussion of Eq. 22 is  then 
limited to the simple linear mooring force problem where C i s  the 
spring constant. 
To simplify the problem further the drag t e r m  i s  linearized by 
- __CI_ - - - - . - . . - _ . ~ ~  - -, 
incorporating an effect of the relative velocity in a drag coefficient 
*-- - 
redefined now a s  Cd . Eq. 22 now becomes: 
- * 
where: = x 
The solution to Eq. 24a is obtained in a straightforward manner by 
assuming a solution of the form:  
x = X  cos (cst - cp) (25 )  
with the average velocity and acceleration defined by Eqs. 1 l a  and 1 l b  
o r  i n  simplified notation by ,  
Ag sinh kd - sinh ks  sin kL sin kb 
where: 6 -- kLD cosh kd 
The general  solution to Eq. 24a in the form of the rat io  of the surge 
amplitude x to the wave amplitude A is then given a s :  
where  the phase angle cp is defined by :  
The solution for  ' the response of the body in  surge (Eq. 27) can in effect 
be divided into two par t s .  The f i r s t  pa r t  is the wave function coefficient 
- 
( 6 1 ~ 0 ~ )  which i s  representative of the forcing function a s  embodied in 
.- . - - . "-1 -I ",&"a. n - Y -.--- r-'- r^-- --% "--I. Cu -.a .-.- rwr"w -r- --- n-r &>-- ""*. 
the average water  par t ic le  acceleration and the average water par t ic le  
- __ _____ 
"A - -. 
z-- 
velocity, i. e .  the right side of Eq. 24a. The other portion of the solution 
/ ----lld--..-,--^ ---'l---.ll.--*--..-.--. . ---a^ '-..---^ ' - . , ^ Y Y - - Y I  ).I-..'.- (ll.." ..-,'. _ *,. (..v,-.- _ _ _  ,LIV,--, _ 
is the response function of the body, i. e . ,  the secoad bracketed t e r m  i n  
. --- -----ll.*> "z.: .-.-. - , l^ _..__.,"l".%.. ..*_  ^
Eq. 27. 
..,., ...we 
k-,,=<z " W L X , . < ,  ~. 
It is interest ing a t  this point to look in detail  a t  the wave function 
coefficient and the overall  response and to investigate the variation of 
these quantities with smal l  and la rge  rat ios  of depth to wave length, i .  e . ,  
for shallow water  and deep water waves respectively.  It can be  shown 
that as the wave length becomes la rge  relative to  depth and the dimen- 
sions of the sys tem,  the wave function coefficient 6/Ao2 tends to b / d  
(the ra t io  of the distance in the x-direction of the center of the body f r o m  
the reflecting sur face  to the depth) and f o r  the case  of zero damping, the 
response x /A  a s  given by Eq. 27 tends to: 
Hence, as the r a t io  o / w  (or  T / T  where T i s  the natural  period of the body 
and T is the wave period)  goes to zero ,  i. e.  , the wave period becomes 
very la rge ,  the body displacement goes to  zero.  Physically this can be 
explained by r e fe r r ing  to Eqs.  24, and 26b. F o r  the undamped case,  a s  
the wave length becomes long compared to  the sys t em dimensions the 
average water  par t ic le  accelerat ion U tends to  A a  2 b / d  o r  - 2 ;P ; (2.) s .  
Therefore,  6 tends to ze ro  for shallow water  waves which have a l a rge  
wave length compared to the amplitude A and/or  the distance b, and the 
driving force goes to zero. This may be seen in another way. Since the 
0 
U t e rm in Eq. 24 a r i ses  f rom the net pressure  force, for very long waves, 
-."". *>es -"A *--A=- ..a>- -*d- 
water particle velocities is a driving force and i ts  magnitude therefore 
is dependent upon the average water particle velocity U. It can be shown 
that for shallow water waves: 
Therefore, a s  T /T goes to zero for a given mooring system, U also 
tends to zero along with U and again there is  no forcing function to act  on 
the body and the response if tends to zero. Physically this i s  the case A 
of a wave length approaching infinity and simply a rising of the water 
level associated with infinitesimal horizontal velocities. 
For deep water waves it  can be shown that the wave function tends 
6 2 4 
. + g 7  
Aa" sin kL sin kb LD (2r14 
Since this limit depends on the value of T I T  (which in turn depends on the 
value of T alone for a given value of T), when the waves become deep 
water waves, the magnitude of the wave function may o r  may not be small. 
Hence, one cannot predict the value of the response function for deep 
water waves. This will be seen more clearly in the section describing 
the experimental results.  
The general shape of the wave function coefficient ( ~ / A o ' )  may be 
seen by observing the variation of a quantity a defined as ,  
6 a E- kL - sinh ks 
 ACT^ s i n k L s i n k b  - kD 1'- si& kd J 
For  a given wave number, Eq. 29 shows how the modified wave function 
changes with increasing draft. The variation of this quantity a with kd 
and kD is shown in Fig. 2. The curves a r e  shown only f ~ r  values of 
kd r kD which, of course, i s  the practical situation. These curves show 
what a t  f i r s t  appears to be a surprising variation, i, e. , the value of a 
decreases with increasing draft for a particular depth to wave length 
ratio. Upon reflection, however, this is not really that surprising since 
the variation of a with draft for a given wave number i s  directly propor- 
a 
tional to the variation of average velocity U and average acceleration U 
with draft. F rom Eq. 29 it  i s  seen that for shallow water waves a is 
independent of draft since the actual water particle velocities and accel- 
erations a r e  uniform over the depth. For  depth to wave length ratios 
different f rom shallow water the velocities and accelerations decrease 
with depth, and for a given wave number the average velocities and 
accelerations defined by Eqs. 10a and lob would then have to decrease 
with increasing draft. For  deep water waves and for  a given draft this 
quantity is essentially constant fo r  smal l  draft to depth ratios. This 
also i s  to be expected, since an increase in depth will not significantly 
effect either the variation of the water particle velocity o r  acceleration 
with depth. 
Fig .  2. Var ia t ion of Modified Wave Funct ion,  a, with 
Wave Number ,  Draf t ,  and Depth 
I 
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The variation of the wave function 6 /Ao2  with relative period T / T  
i s  shown i n  Fig.  3 for the sys tem dimensions and body character is t ics  
indicated. As described previously this quantity approaches b /d  (in 
this case 3 . 0 )  a s  T / T  tends to zero.  The function goes to zero a t  values 
of T / T  of 1 .36,  2.19, and 2.72 for  the range shown. These a r e  the 
f i r s t  three zeros  of s in  kb and the l a s t  figure is a l so  the f i r s t  zero of 
sin kL, and indicate values of T/T where for  a par t icular  configuration 
there is no net p res su re  force o r  viscous drag on the body. In other 
words an antinode of the standing wave occurs  at the center of the 
moored body due to i t s  location with respect  to the reflecting wall of 
the basin and the body length. 
A set  of theoretical response curves plotted a s  X / A  vs  T / T  (rat io  
of the maximum surge  amplitude to the maximum wave amplitude a s  a 
function of the ra t io  of body period to wave period) for  constant damping 
ra t ios  3 ,  a r e  presented in Fig.  4 for the same sys tem dimensions 
and body charac ter i s t ics  a s  used in Fig.  3 .  These curves a r e  given in 
this  section only to show the general shape of the response curves and 
the effect of friction on the body response. It is seen  that where the 
wave func-tion goes to ze ro  the body response in surge becomes zero  
and the location of these zeros i s  not affected by energy dissipation. 
The "osci11ations" in the response curve a r e  caused by the trigonometric 
t e r m s  in Eq. 26c and tend to  approach ze ro  a s  T I T  increases .  This 
effect i s  a combination of both the variation of the wave function and 
the dynamic portion of Eq. 27 with T I T .  In addition i t  i s  seen that a s  
the dissipation function 8 /LC increases  the relative resonant period of 
X 
the body, T IT,  becomes sma l l e r .  Since the normalizing period T i s  the 


undamped natural pe.riod, this means that the resonant period of the 
body i s  increased with increased  damping; the same a s  with i t s  
mechanical analogue, the single degree of f reedom osci l la tor .  Near 
resonance, the response of the sys tem decreases  a s  the damping in-  
c reases .  However nea r  T / T  = 0 the response actually inc reases  with 
increasing damping. In this  region the viscous effects become impor-  
tant a s  a driving force a s  seen  in Eq. 24. Actually for very la rge  
values of $ / w  the response inc reases  a t  resonance with increased  
X 
damping. The general charac ter i s t ics  of the response curves and a 
more  physical description of the coefficient p l!ni will be discussed more  
X 
fully in Sections 4. 3 .  3 and 4. 1 respectively. 
2 .  2 Coupled Body Motion in Surge 
In o r d e r  to investigate a mooring arrangement  that is somewhat 
closer  to the mar ina  problem than the single moored body, the problem 
of the surge motions of coupled bodies was studied analytically. In this 
sys t em the smal l  c raf t  i s  moored to a floating platform which is in turn 
moored to  a fixed support. Admittedly this i s  a highly idealized mooring 
sys tem;  however, i t  was felt  that some of the problems associated with 
coupled mooring sys tems could be effectively investigated in this way. 
A schematic representat ion of this coupled body s,ystem is shown i n  
Fig.  5. Subscripts 1 r e f e r  to  the body moored to a fixed support and 
subscript  2 r e fe r  to  the body which i s  moored to Body 1. In this 
analysis  i t  is assumed that both bodies a r e  neutrally buoyant, only 
' ,- -".-- -.-- -*.-*- 
movement in the direction of wave propagation i s  possible,  and that 
"-v-----s-- * ~ -  "--- " " -----s.-.-""+---------**,-~~~~- 
----% ^ 
the mooring sys tem consis ts  of l inear  springs.  In addition it i s  
-_-.- - * - - - - - - - - - ~ - m - -  -- - " _. - -- - - 
assumed that there is no interference between the two bodies. In other 
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Fig .  5 .  Definition Sketch of Coupled Body System 
words hydrodynamic quantities such as the drag coefficient and the added 
m a s s  of one body a r e  not affected by the other body. The equations of 
motion can then be written directly f rom Eq. 22. 
Body 2 
After linearizing the d rag  t e r m s ,  using the notation of Eq. 22 for 
the average water  part ic le  velocity and the average water part ic le  
acceleration, Eqs. 30 and 31 become: 
. . 
X, + pl t1+(wl2 t mrna2) x1 - mw22x2 = 6, i. ? lu ,  (32)  
and 
. . 2 
X 2 +  p2;2 - m 2 2 ~ 1  t w p  x2 = G2 + B~ U, 
where: 
F r o m  Eq. 33 an expression for xl can be obtained in t e r m s  of x, and 
U2 and their  derivatives and then this can be differentiated to get x, and 
0 b 
xl . Substituting these expressions into Eq. 32 gives a fourth order  
l inear  differential equation in x, in t e r m s  of known parameters .  
Assuming solutions for xl and x2 of the f o r m  
x, = X, cos ( a t  -,q, ) 
2 l/a where X, = (L2t J ) 
tan cpl = J / L  
and 
x, = X, cos (ot - u2 ) 
where X2 = (Ea+F2)1'2 
tan o2 = F / E  
The following expressions a r e  obtained for the coefficients E, F, L, and 
J using the notation: 
f =  L, D, s in  kL1 sinhkd - sinh ks l  
L, D, sin kL, sinh kd - sinh ks, 
62 = 
-
0 2  k2L, A D, 1 - :?; &2} sin kb sin 
F o r  simplicity the subscript  x has  not been used in the damping co- 
efficients above; however, i t  is evident f r o m  Eqs.  30 and 31 that only 
motions in the x-directions a r e  being considered. 
X x2 The f o r m  of the amplification factors  3 and - cannot be viewed A A 
a s  simply a s  for the single body sys t em discussed previously. There-  
fore ,  for this case some general  comments will be made and examples 
of the response curves will be presented for a specific configuration. 
To simplify Eqs .  36 the case  of zero  damping is considered f i r s t .  
F o r  this case,  a = p = 0 ,  the condition for resonance i s  that the co- 
efficient E must  become infinite since F = J = 0 and L i s  direct ly  p ro -  
portional to E .  This can occur if: 
Hence the cr i ter ion for resonance is :  
which leads to two non-negative roots .  F o r  the case of two identical 
bodies moored in an identical fashion c = m = 1, one obtains % = 1.62 
and 0. 61 8 for the f i r s t  and second mode of oscillation respectively.  
These values of the relative resonant periods a r e  shown in the 
theoretical response curve for  the undamped sys tem presented in Fig.  
6a. Two curves a r e  presented, one for the variation of the surge of 
Body 1 relative to the wave amplitude (X1 / A )  a s  a function of 72 / T  and 
a s imilar  curve for Body 2. These curves a r e  for identical bodies and 
mooring sys tems and the part icular  conditions chosen a r e  indicated on 
the figure.  The two resonant spikes a r e  seen for the response of each 
body, but for  the same bodies and the same forcing function the response 
a t  par t icular  wave periods can differ by more  than a factor of two. It 
appears  that  the f i r s t  resonant peak i s  s t rongest  for the outboard body 
(Body 2 )  and the second spike is strongest for the inboard body (Body 1 ) .  
These differences a r e  to be expected since for the same springs the 
restraining forces  on the two bodies a r e  different. In Fig. 6b the wave 
charac ter i s t ics  a r e  shown a s  a function of the relative period 
( T , / T ) .  F o r  the case chosen the response curve of Fig.  6a i s  essentially 
for the region between shallow water and deep water waves. These 
curves a r e  presented simply to help the r eade r  re la te  some important 
wave length charac ter i s t ics  to the relative period pa ramete r ,  T, I T .  
Response curves for the same  body charac ter i s t ics  a r e  presented in 
F igs .  7a and 7b for  different degrees of damping (& = = 0. 1 ,  0. 5) .  
'9?1 % 
The same shift of the resonant wave period to l a rge r  periods with in- 
creasing damping i s  seen a s  was observed for  the single moored body. 
In these f igures  the difference in the response of the two bodies for the 
same  forcing function is even more  apparent.  Again i t  is seen that 
viscous fo rces  a r e  present  as a driving force in the sys tem a s  well a s  
a dissipative force .  
Fig.  6a .  Undamped Response Curve Coupled Body Sys tem 
Fig .  6b. Genera l  Cha rac t e r i s t i c s  of Wave Sys tem 
F i g .  7a. Theoretical Response Curve of Coupled Body System 
Fig.  7b. Theoretical Response Curve of Coupled Body System 
The variation of the relative response of the two bodies for the same  
forcing function (X / X  ) as a function of relative period T, IT) i s  shown in 1 2  
Fig. 8 for various values of the damping coefficient. It i s  seen that inde- 
pendent of the damping the motions of the bodies a r e  the same  at 7, / T = 1.585. 
F o r  wave periods g rea te r  than this the motions of the outboard body a r e  
g rea te r  than those of the inboard body and the r e v e r s e  is t rue  for  wave 
periods l e s s  than this  value. I t  appears  that no s imple  physical signifi- 
cance can be  attached to the value of T,/T where X1/X2 = 1, other than 
to  say  that this is the wave period when for  the par t icular  body and 
mooring sys tem charac ter i s t ics  the magnitude of the surge  i s  the same  
for both bodies. However i t  is apparent f r o m  Eqs.  34,  35, and 36 a t  
l eas t  for the inviscid case  that independent of the body dimensions and 
charac ter i s t ics  of the mooring sys t em there is one value of 7 ,  / T  where 
this will occur .  As the dissipative forces  increase  relative to iner t ia l  
forces  the amplitude of the body motions tends to become the same.  
The theoretical effect of damping for this  coupled body sys tem and 
for  the single moored body is evident when the value of the relative surge 
amplitude X/A a t  resonance is plotted as a function of the relative diss i-  
pation ~ / w  . This has  been plotted in Fig.  9 for the coupled body case  as 
X 
the value of X, /A and x,/A for  the fundamental mode of oscillation a s  a 
function of the damping coefficient &/w, = fl ,/m, = @ i s .  A s  would be ex- 
pected the response a t  resonance i s  reduced significantly with sma l l  
damping. However, a s  the damping increases  the response a t  resonance 
- --.I-""----eCC-I~- -_--.- -- --we 
actually tends to increase ,  since for high damping the damping force  
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dr ives  the body. In this coupled body sys t em for relative damping g rea te r  
than about 0 .  1 the ra t io  of X / X  a t  resonance appears  to be relatively 1 2  


constant at  a value of approximately 213.  The case of a single moored 
body i s  also shown in this figure. It is seen that for a value of @ / w  > 1 
X 
the response X / A  for this body and for this particular mooring system 
is  approximately equal to 2. 0. 
3. Experimental Equipment and Procedures  
An overall  view of the wave basin and wave generator  located in the 
W. M. Keck Laboratory of Hydraulics and Water Resources,  California 
Institute of Technology, is shown in the drawing and photograph of 
Fig. 10. 
3 .  1 Wave Basin 
The wave basin i s  21 in. deep with a working a r e a  approximately 
30 ft long by 12  ft  wide. The actual overall  inside dimensions of the 
basin a r e  31 ft-5in. long by 15 f t -5 in. wide. The basin is constructed 
throughout of 314-in. and 1 -in. marine plywood, the f o r m e r  for  a l l  
ver t ical  walls and the la t te r  for  the floor. The basin floor is located 
9- 112 in. above the laboratory floor. This was done for  two reasons :  
to  bring the sys tem up to a m o r e  comfortable working level and to pro-  
vide a means for  leveling the basin floor. To properly level the floor 
seven 1 518 in. by 3 518 in. wood s i l l s  were  fastened to  the floor, with 
the shor t  dimension vert ical ,  32 in. on center runninp. the length of the 
basin. Perpendicular  to these a sys tem of 1 518 in. by 7 518 in. joists 
were  fastened on 16-in. centers .  At the intersection of each s i l l  with a 
joist, sh im mater ia l  was placed between the two s o  that the upper face  
of the joists were  reasonably level  (within 1/32 in. ). This substructure 
can be seen in  the drawing and photograph of Fig. 10. 
This initial leveling was important since once the floor had been 
attached to the substructure i t  was impossible to make adjustments.  
Before placing the basin floor the complete supporting framework was 
waterproofed with "Thompson Water Seal". The one-inch plywood floor 
was then glued and screwed to the joists which had been braced with 
Fig .  10 Detailed Drawing and Overal l  View of Wave Bas in  
and Wave Generator  
solid bridging a t  32 in.  intervals ,  making the maximum unsupported 
a r e a  of the floor 16 in. by 32 in. and minimizing deflections. The 314 
in.  ver t ical  outer walls were  then placed with their  supporting gussets  
with a caulking compound and a silicone rubber sea l  between the walls 
and the floor. The complete inter ior  of the basin was then t reated with 
"Pittsb'urgh Aquapon", a modified epoxy enamel,  to insure watertight- 
ness .  It was found that  this method minimized leaks,  although i t  was 
necessary  a t  a la te r  date to sea l  one of the floor joints with waterproof 
tape to affect better sealing. 
Fa l se  sidewalls of 314 in. plywood were installed inside the basin 
12 f t  apa r t  and perpendicular to the wave generator.  This provides a 
20 in. space on each side of the basin. At some future date,  i f  desired,  
these walls can be removed and the space between the false and t rue  
walls filled with a damping mater ia l  to dissipate incident wave energy 
These walls a r e  seen in Fig.  10. 
Not shown in  these f igures  is a wave f i l ter  consisting of a basket 
of aluminum wool 3 ft wide and 12 ft long located direct ly  in front of the 
wave generator .  The t ransmiss ion  character is t ics  of this wave filter 
will be discussed l a t e r .  It was added to the sys tem simply to add some 
energy dissipation to the basin which originally had low dissipative 
charac ter i s t ics .  
3 . 2  Wave Generator 
The wave generator  used is a pendulum type s imilar  to one proposed 
by Ransford (1 6)  and is shown in the drawing and photographs, F igs .  10 
and Ha.  It i s  designed to operate  a s  either a paddle or  piston type wave 
machine. This versat i l i ty  was considered necessary due to the relative 
F i g .  l l a .  View of Wave Genera to r  a n d  O v e r h e a d  Suppor t  
F i g .  1 l b .  View of Skotch Yoke, Wave P e r i o d  L igh t  Source ,  
a n d  P e r f o r a t e d  Disc  
shortness  of the basin and the range of wave periods required. In o rde r  
to  generate shallow-water waves having a wave length comparable to  the 
basin length a piston generator  was desired,  whereas for  deep-water 
waves a paddle o r  flap generator  is best.  In addition to  the wave length 
considerations, in  o r d e r  to  produce a two-dimensional sma l l  amplitude 
wave sys t em the wave-machine s t rokes  must  be accurately adjusted; 
therefore ,  la rge  s t rokes  were  desired. F o r  deep water  waves this  i s  
bes t  accomplished by the paddle mode of generation. 
The generating surface is an  aluminum plate 12 f t  long, 2 f t  high 
and 114 in. thick. To reduce the possibility of the wave machine pro-  
ducing higher o rde r  harmonics  due to vibration of the plate,  the plate 
is attached to a s t ruc tura l  f r a m e  of aluminum angle. As seen in  Fig.  10 
this  unit i s  supported f r o m  a n  overhead s t ruc ture  a t  th ree  points with 
two a r m s  at each support point. The s t ruc ture  itself is fastened to a 
reinforced concrete ceiling beam. The support a r m s  a r e  33  in,  long 
and have an axle a t  e i ther  end which is f ree  to rotate  in a bal l  bearing 
re ta iner .  The upper end of the forward a r m  a t  each support point can 
be moved in a slot of 33 in. radius  so  that the a r m  moves f r o m  a 
vert ical  to an  inclined position. 
When both a r m s  a r e  ver t ical  the generating plate moves horizontally 
a s  a piston. When the upper end of the forward a r m s  a r e  a t  the fur ther -  
most  forward  position the generating plate moves a s  a paddle with the 
bottom of the plate acting a s  a n  imaginary hinge point. The linkage lengths 
were  designed so  that, for the paddle mode of operation, movement of the 
hinge point was minimized. After a number of t r i a l s  the best  choice of 
linkage lengths in keeping with the space available was 31 in. f r o m  the 
bottom of the plate to the centerline of the lower end of the r e a r  support 
a r m  and, a s  mentioned previously, a 3 3  in. long support a r m .  This de- 
sign gave a movement of the bottom of the plate of approximately 170 of 
the forward  and backward movement of the lower end of the support a r m s  
when the wave machine was operating as a paddle. 
The wave machine i s  driven by two a r m s  connected to independent 
Scotch yokes which a r e  in turn driven through a pulley sys tem by a var i -  
able speed motor .  The dr ive mechanism and the yokes can be seen in 
Fig.  10, 1 la  and 1 l b .  A maximum stroke of *6 in. can be obtained with 
this a r rangement  and measured to within A. 0005 in. by means of dial 
gages, one a t  e i ther  end of the paddle. The motor dr ive is a 1-112 hp 
U. S .  Varidrive motor  with a 10: 1 speed range. Wave periods ranging 
f r o m  0 .  3 4  sec .  to 3.  8 sec.  can be obtained with this  system. The motor 
has  a g rea te r  power output than is actually needed i n  order  to  insure a 
constant speed operation. The speed measuring technique will be des-  
cribed in some detail l a te r ;  however, i t  is found that the wave period 
remains  constant to within *. 0570. 
3 .  3 Model Support Structure and Model 
The model i s  supported f r o m  overhead by the s t ruc ture  shown in 
Fig.  12 (see  a l so  Fig. 10). This s t ruc ture  is a welded tube f rame with 
t rol ley wheels a t  the upper end which ro l l  on two aluminum "I" beams 
which run  the full length of the basin and a r e  fastened to  the s t ruc tura l  
f r a m e  of the building. Thus the support s t ruc ture  can be  moved longi- 
tudinally along the basin and the r a i l s  a r e  positioned so  that the model 
moves along the basin centerline. 

A plate i s  welded to the lower end of the tubing f r ame  which serve8  
a s  the basic  support for the model. Three  314 in. diameter lead screws 
a r e  f r ee  to move through this plate and can bk locked in  position by 
means of nuts on either side of the upper plate. These screws a r e  
1 
f i rmly  attached to a lower plate which fo rms  a rigid f rame for the 
model mooring system. These features  a r e  seen clear ly in Fig.  13. 
Two 314-in. diameter  rods a r e  attached to the lower plate and a r e  
f r e e  to move up through the upper plate. The mooring sys tem and hence 
the model a r e  attached to these rods.  Therefore,  the lead screws and 
the rods  f o r m  a unit that can be adjusted so  that the model i s  immersed  
to  any d ra f t  and adjusted s o  that i t  is level.  This lower sys tem can a lso  
0 be rotated through appfoximately *10 s o  that the axis  of the model can 
be aligned perpendicular to  the standing wave c res t s .  
F o r  the l inearal ly  moored model two aluminum leaf spr ings (. 09 in. 
thick and 2 in. wide) a r e  used to r ep resen t  the mooring sys tem (see  
Fig.  13). These springs a r e  2 inches apa r t  and a r e  attached to the 
moael  a s  a unit. This a r rangement  eliminates a l l  motions except the 
surge motion in  the model. The length of the springs can be varied by 
moving the upper spring clamp along the lower plate support rods while 
maintaining a constant model draft .  In this  way the spring constant of 
the mooring s y s t e m  can be varied over a wide range. 
The moored body used in  this  phase of the study was a rectangular 
parallelpiped 24 in. long, 6 in. wide, and 8 in. high. It was made of 
114 in. lucite and divided into 4 compartments .  The top is removable 
s o  that  the box can be loaded with sand bal last  to  make i t  neutrally 
buoyant for  a par t icu lar  depth of immers ion .  This can be seen in detail 
i n  Fig. 13. The t ransducer  and recording sys tem used to give a t ime- 
displacement history of the body will be discussed in Section 3.4.3.  
3 . 4  Instrumentation 
3 . 4 . 1  Measurement of Wave Pe r iod  
The wave period is determined by a pulse counting technique. 
The pulse i s  generated by interrupting a light beam which i s  directed a t  
a photocell by a d isc  with 360 evenly spaced holes a r ranged in  a c ircle  
near  i t s  outer edge. This d i sc  can be seen i n  Fig. l l b .  The output 
f r o m  the photo- cell  (photo-multiplier power t rans is tor  type P P T -  1 ), 
whose circuit  is shown in Fig.  14, actuates a ~ e c k m a n / B e r k e l e y  Division 
Industrial  Counter Model 7361 which then counts the number of voltage 
pulses  (or  the number of holes passing the photocell) in a period of 
10 sec.  I t  may be of in te res t  to  note that  the voltage output of this 
simple sys tem,  using a s  a light source a 1. 5 volt flashlight bulb without 
a n  optical system, is approximately 2. 5 volts (more than sufficient to 
dr ive the counter). Thus the wave period obtained is a 10 sec .  average 
and, a s  mentioned previously,  throughout an experiment this per iod 
var ied  a t  most  by *. 05%. 
3 . 4 .  2 Measurement of Wave Amplitude 
Resis tance wave gages were  used in conjunction with Sanborn 
(150 Se r i e s )  direct-writing recording sys tems to obtain t ime  his tor ies  
of the wave amplitude. Sanborn C a r r i e r  Preampl i f ie rs  (Model 150- 
1100AS) supply the 2400 cps,  4. 5 volt excitation voltage for  the gages,  
and in  turn receive the outputs f r o m  the wave gages which af ter  de- 
modulation and amplification, a r e  displayed on the recording unit. 
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Fig .  15. Ci rcu i t  D i a g r a m  fo r  Wave Gage 
The wave gages consist  of two wire  elements,  para l le l  to and insu- 
lated f r o m  each other ,  upon which the excitation voltage i s  impressed.  
As the immersion of the wi res  i n  a conducting solution i s  var ied their  
resis tance changes proportionately, causing an  imbalance in the full 
bridge circuit  shown i n  Fig.  15 (the portion of the circui t  internal to 
the recorder  is shown dotted). This imbalance causes m o r e  o r  l e s s  
voltage drop a c r o s s  the gage and i s  recorded by the Sanborn unit a s  a 
change f r o m  the zero  o r  balanced position. Depending upon the length 
of the gage and the wire  mater ia l ,  the 50 ohm res is tance  i n  para l le l  
with the wave gage may have to be changed in o rde r  to affect a balance 
with the Sanborn equipment. This can easi ly  be accomplished by in- 
ser t ing a precis ion variable  r e s i s to r  in s e r i e s  with the 50 ohm res i s to r .  
Different types of wave gages were  used in  this study, however, 
only the type finally decided upon will be described in detail. This gage 
consists of two stainless  s tee l  w i res  0.01 in. in  diameter  approximately 
3- 112 in. long spaced 1 I8  in. apar t .  They a r e  insulated f r o m  each other 
and s t retched taut i n  a 118-in. diameter  s ta inless  s tee l  f r ame  which 
becomes an integral p a r t  of a point gage used for calibration. A sketch 
of the wave gage is presented in  Fig.  16. The wire  elements of this  
gage can be oriented s o  that the plane of the wires  i s  a t  any angle to  the 
plane of the clamp. This feature is important when one i s  interested in  
measuring the standing wave amplitude in the vicinity of a reflecting 
wall. By rotating the two wi res  into the plane of the clamp and by placing 
this  plane paral le l  to  the reflecting surface the measurements  a r e  not 
affected by the supporting arrangement .  As in any res i s tance  type wave 
gage i t  i s  important that the wire  elements be kept clean and f r e e  f r o m  
contaminants. 
Fig .  16. Drawing of Typical  Wave Gage 
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Fig .  1 7 .  Typical  Cal ibrat ion Curve fo r  Wave Gage 
Since there is an  inherent electronic drift  associated with these 
gages, it i s  unrealist ic to speak of wave amplitudes where an  unchanging 
zero  line i s  important. F o r  this reason only wave heights axe measured.  
A typical calibration curve for one of the wave gages is presented in 
Fig.  17. 
The gage i s  calibrated by f i r s t  increasing its  immers ion  0.  001 ft ,  
using a point gage, then returning to the original immers ion  and finally 
withdrawing i t  0.001 ft .  This procedure i s  repeated increasing the im-  
mersion and withdrawal increment  by 0. 001 ft each cycle. This method 
tends to compensate, to some extent, for dynamic effects. In Fig.  17 
the total movement for each calibration step, i. e .  immers ion  plus with- 
drawal,  is plotted a s  the ordinate and the deflection of the stylus in 
mi l l imeters  a s  the absc issa .  The points shown a r e  for  calibrations 
before and af te r  an experiment that las ted approximately 1. 25 h r s .  Most 
calibrations were  essent ial ly  l inear  and showed li t t le change through an 
experiment so  that a n  average of these data was used in reducing the 
recorded  wave amplitude. Throughout an experiment the drift  mentioned 
previously was compensated for to some extent by changing the internal 
Sanborn resis tance so  that the signal was always centered on the scale. 
This procedure is reasonable since one reason for the dr i f t  is the change 
in  res i s tance  of the wave gage wires  associated with wire  contamination. 
I t  has  been found f r o m  dynamic calibrations,  see Ippen and Raichlen (1 7 )  
and Goda and Ippen ( l a ) ,  that the difference between s ta t ic  calibrations 
and the dynamic use of such a gage introduces an e r r o r  of a t  most  5% 
for wave heights of the o rde r  of 0. 1 in. 
A problem that i s  usually encountered in wave measurements  using 
more  than one wave gage in conjunction with Sanborn equipment i s  the 
interference between channels when operating a t  low attenuation. This 
has  been essentially eli.minated here  by making cer tain internal modifi- 
cations to the Model 150-1100 AS preamplif iers  recommended by the 
manufacturer.  In effect this reduces the interference by locking the 
preamplifier osci l la tors  to one common frequency. 
3 .4 .3  Measurement of Body Amplitude 
The t ime history of body motion in surge  i s  obtained using a 
l inear  variable differential t ransformer  (LVDT). This i s  an ele c tro-  
mechanical t ransducer  which produces an e lec t r ica l  output proportional 
to the displacement of a separate  movable core.  
Three  coils a r e  equally spaced on a cylindrical coil form, and a rod- 
shaped magnetic core  p ositioned axially inside the coil assembly provides 
a path for magnetic flux linking the coils.  The voltage induced in the 
secondary coils by movements of the core i s  displayed on the Sanborn as 
a stylus displacement f r o m  a balanced position. The circuit  diagram for  
connecting the LVDT to the t ransducer  input of the Sanborn Model 15011100 
AS i s  shown in  Fig.  18. The l e t t e r s  r e fe r  to the pin connections of the 
Sanborn input and the colors  to the electr ical  leads  of the LVDT. 
The core  of the LVDT (Schaevitz Model 1000SS-L) i s  mounted on 
the model and the coils a r e  mounted to the fixed platform directly above 
the model a s  shown i n  Fig.  13. Therefore,  when the model moves in 
surge a voltage is induced in the secondary coils.  The sys tem is cali- 
brated by deflecting the model and reading the deflection by means of 
a micrometer  mounted to the fixed plates and recording the stylus 
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Fig .  19. Typical  Cal ibra t ion Curve for L inear  Var iab le  
Differential  T r a n s f o r m e r  
deflection. A typical LVDT calibration i s  presented in Fig. 19 where 
the deflection of the body in inches i s  plotted a s  the ordinate and the 
stylus deflection i n  mil l imeters  a s  the absc issa .  This calibration is for 
three different Sanborn attenuations showing the l inearity of the t r ans -  
ducer and associated electronics.  
Figure 20 is a sample r eco rd  showing the wave amplitude a s  a 
function of t ime a t  three  locations along the backwall and the motion of 
the body a t  the same time. The three locations used a r e  each 112 in. 
f r o m  the backwall of the basin with one gage on the centerline of the 
basin, one 7 112 in. in f rom the East  basin falsewall, and one 7 112 in. 
in  f rom the West basin falsewall. (The lo  cations a r e  shown in the upper 
portion of the f igure.  ) It should be noted that since the wave gage cali-  
brat ions a r e  different for each gage the wave profiles shown in Fig.  20 
for the three locations cannot be direct ly  compared. 
L O C A T I O N  O F  WAVE GAGES A N D  B O D Y  
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F i g .  20. Wave Gage  Loca t ions  a n d  Sample  R e c o r d  of 
V a r i a t i o n  of W a t e r  S u r f a c e  a n d  Body P o s i t i o n  
wi th  T i m e  
4. Presentat ion and Discussion of Results 
- - - - -  -- 
This section is devoted to the presentation and discussion of the 
experimental resu l t s  obtained in the phase of the study dealing with the 
surge motions of a single idealized body moored by a l inear spring sys-  
t e m  to a fixed support. Essentially i t  is divided into two par t s ,  one 
dealing with the charac ter i s t ics  of the f r e e  oscillation of the simple 
moored body and the other dealing with the forced oscillation of the body 
by a standing wave system. 
4. 1 Charac ter i s t ics  of Moored Body in F r e e  Oscillation 
To gain a bet ter  understanding of the basic  nature of the 
forced  motions in surge of a simple body it was considered important to  
first investigate the f r e e  oscillations of the body to evaluate the iner t ia l  
charac ter i s t ics  of the body motion and the energy dissipation associated 
with these motions. Eq. 24 reduced to the case  of f r e e  oscillations 
becomes: 
. x t $ x ; t ~ 2 ~ = o  . 
which has  the s imple solution: 
P x 
- -  
x = ~ e  2 s in  
It i s  obvious f r o m  Eq. 40 that 
L J 
the investigation of the damped f r e e  
oscil lations of the body would yield information on both the damping 
coefficient $ through the decay of the oscillation and the vir tual  m a s s  
X 
coefficient C through the natural frequency of the body. M 
The virtual mass  coefficient C can be determined by measuring M 
the natural frequency and the spring constant of the body in a i r  and in 
water and then by calculating the apparent body masses f rom Eq. 24c. 
The difference between the two is  the added mass.  The virtual mass 
coefficient then follows f rom the definition used in Eq. 22 where M i s  
the mass of fluid displaced. 
The spring constant i s  evaluated by measuring the static deflection 
of the body for a known applied force. The results for four experiments 
with the same spring length and the same body weight in a i r  but different 
depths of immersion a r e  shown in Fig. 21. It i s  evident that the spring 
is linear, but a t  f i rst  glance it  i s  surprising that the spring constant 
changes a s  the depth of immersion changes. However, this effect of 
decreasing apparent spring constant with increasing depth can be 
ascribed to a "pendulum effect" which ar ises  due to the method of cali- 
bration. Referring to the small figure inset in Fig. 21, the force which 
causes the deflection A i s  not the applied force F alone but some force 
which i s  greater or  l e s s  than F depending upon the depth of immersion. 
Assuming small deflections (where sin 8 7 0 = A / A  ) a spring constant 
can be derived, Cact, which eliminates this effect. Denoting the 
measured spring constant, i .  e. , the spring constant obtained f rom 
F i g .  21, as  C, the actual body weight a s  W, the weight of the displaced 
fluid a s  Wf, and the "pendulum" length a s  1, one obtains the following 
expression for Cact: 
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F i g .  21. V a r i a t i o n  of Body D i s p l a c e m e n t  with Applied F o r c e  
The measured and actual values of the spring constant for  three  different 
depths of immers ion  and in air a r e  given in Table 1.  It i s  seen that a f te r  
applying this correct ion the spring constants a r e  within 7%. 
Table 1. Comparison of Apparent and Actual Spring 
Constants for Various Drafts of the Body 
0 29.49 22. 1 (Body in  air) 
F o r  the forced oscillation studies the body was made neutrally 
buoyant; however, for  the majori ty  of the f r ee  oscillation experiments 
only one body weight in air was used for  a number of different spring 
lengths (or  natural  f requencies)  and depths of immersion.  The fact that 
the body may not be neutrally buoyant does not affect the evaluation of 
the vir tual  m a s s  coefficient a s  long a s  the measured spring constant 
is used. 
The variation of the vir tual  m a s s  coefficient C a s  a function of the M 
rat io  of the draf t  of the body to the width of the body, D /B ,  i s  shown in  
Fig.  22. The data shown a r e  for a number of experiments having dif-  
ferent  depths of water ,  body weights, and natural  frequencies.  (The 
interested reader  i s  directed to the Appendix, Table A -  1,  which p r e -  
sents  the physical conditions for the data of Fig.  22. ) There  appears  
C, , VIRTUAL MASS COEFFICIENT 
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t o  be a significant sca t te r  in  these data which may be attributable in  
p a r t  to experimental e r r o r .  If the spring constant and the natural  f r e -  
quency of the body were  in  e r r o r  by 270, this could lead to  an e r r o r  in 
the analytically determined m a s s  of the body of a t  most  670. Assuming 
the evaluation of the m a s s  in water  and in a i r  to be in  e r r o r  the s a m e  
amount, an e r r o r  of approximately 1070 would occur in the vir tual  m a s s  
coefficient CM. 
Two of the three  curves shown i n  Fig.  22 a r e  upper and lower bounds 
on the experimental data obtained and the dashed curve is essentially a n  
average curve. The upper and lower curves a t  most  show a deviation of 
*57o f r o m  the average curve, indicating that the observed sca t te r  could 
b e  due to  experimental e r r o r s  involved in determining C and w . Never- 
theless  the re  is a definite t rend  in the value of CM with d ra f t  showkg 
a n  increase  of approximately 1570 a s  the draft  increases  f r o m  0. 2 of the 
width to nearly the full body width. This i s  interesting, since Wilson (5) 
shows the variation of the vir tual  m a s s  coefficient only to be a function 
of the body aspect  ra t io  (B/2L).  
Due to the e r r o r  which is inherent in a method such a s  this  i t  i s  
difficult to  detect other fac tors  which may be important.  Some possible 
fac tors  a r e  waves generated by the body combined with the location of 
the body with respec t  to a reflecting sur face ,  the natural  frequency of 
the body, the distance f r o m  the bottom of the body to the bottom of the 
basin,  and the depth of water .  
The f i r s t  factor ,  i. e. , the effect of reflected waves on the added 
m a s s ,  does not appear to be ser ious  when one considers the resu l t s  
f r o m  Runs 14, 15, and 16. The distance of the center of the body f rom 
the nea res t  reflecting surface in these three  cases  was 2 ft, 4 f t ,  and 
6 f t  respectively yet a t  most  there  is a 2770 variation in C M' However, 
since a cer tain amount of energy i s  imparted to the fluid by wave genera-  
tion, this would certainly affect the associated hydrodynamic m a s s  of 
the body. 
Others  have pointed out the effect of frequency of oscillation on the 
vir tual  m a s s  coefficient of a body moving normally to the water surface 
(see Korvin-Kroukovsky (13), Wendel (14), and Yu and Urse l l  (19)). 
The re  i s  probably an  effect of frequency in these data,  since the s ize 
of the wake of a body moving in a horizontal  plane should be a function 
of frequency as well a s  the energy which goes into wave generation; 
however, the t r end  is not apparent.  This a l so  applies to the clearance 
and depth which Yu and Ursel l  (19) found to be important in defining the 
force  on an oscillating cylinder in a f r e e  surface.  
The values of the vir tual  m a s s  coefficient obtained by Wilson (5) 
for  a beam-length ra t io  of 0 .25 a r e  shown in Fig.  22 by a r rows .  These 
a r e  repor ted  by Wilson a s  values proposed by Wendel (14) and Browne 
e t  a1 (20) for the upper and lower values respectively.  It i s  seen that 
these  values correspond essentially to average values of the vir tual  
m a s s  coefficients determined in  these experiments .  
These data emphasize the need for  a m o r e  thorough experimental 
study of this aspec t  of the problem. I t  would bes t  be handled by studying 
the f o r c e s  and the waves generated by the forced oscillations of such a 
body in a long wave tank having adequate absorbing mater ia l s  a t  either 
end. This coupled with a theoret ical  study would allow the evaluation 
of force  coefficients s imi l a r  to those shown in Ref. 19. In other words 
i n  o rde r  to accurately evaluate the virtual m a s s  coefficient i t  should not 
be  inferred,  a s  was done 'here,  f rom other sys tem pa ramete r s ,  but i t  
should be measured more  direct ly  through the evaluation of the fo rces  
involved. This type of study would also be of in te res t  in  determining in 
a detailed way the relationship between the t ime his tory of force on 
a body and the vir tual  m a s s  defined through Eq. 24c. 
The dissipative effects,  i. e .  , the damping coefficients, H ~ / u ; ,  were  
determined f r o m  the logarithmic decay of the f ree  oscillations of the body 
Fig .  23.  Schematic Drawing of Damped F r e e  Oscillations of Body 
F r o m  Eq. 40 i t  i s  seen  that @,/m is in reality a damping coefficient and 
i f  l a rge  enough the sys t em will be overly damped with no apparent 
oscillation. 
Experimentally the value of the damping coefficient was obtained 
f r o m  the normalized curves  of H/H1 vs  t ,  such a s  those presented in  
Fig.  24 for Run 6. Each point represents  the normalized distance between 
maximum and minimum envelopes to the decay curves.  It was established 
in another graph that the exponential decay of Eq. 40 also applied to 
the f r ee  oscillations in a i r .  Due to the smal l  degree of damping in this 
case a much longer sample r eco rd  was taken to  determine p / w  than 
X 
for the damped oscillations in  water.  F o r  this reason  and because of 
the t ime scale  of Fig.  25 only one point i s  presented here.  Since the 
case of a i r  damping a lso  includes the attendent s t ruc tura l  damping in 
the sys tem,  i t  is evident that the decay of the f r e e  oscillations in  water 
is pr imar i ly  due to  viscous and f r ee  surface effects. 
The values of p / w  a r e  obtained f r o m  curves such a s  these after 
X 
subtracting the value of the damping coefficient, for  the f r e e  oscil la- 
tions in a i r .  These data a r e  presented in Fig.  25 a s  a function of w D, 
the product of c i rcu lar  natural frequency and draft .  It may be con- 
s idered be t te r  to use  a type of Reynolds number a s  the absc issa ,  how- 
ever ,  i t  was felt that this would tend to indicate a m o r e  general 
relationship than the data warranted. Since the body was initially dis-  
placed approximately the same distance for  the data shown, the quantity 
wD i s  essentially a Reynolds number to within a constant of proportion- 
ality, defining the Reynolds number a s  R = - XD . The quantity @ , /w 
v 
plotted a s  a function of wD shows a general  increase  with increasing wD. 
I t  i s  instructive a t  this point to look c loser  a t  the definition of p X / w  . 
F r o m  Eqs.  19  and 24b the damping coefficient for  damped f r ee  oscilla- 
tions can be expressed  a s :  
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If is expressed a s  the maximum, wX, (when t = 0 and cp = 0 ) ,  then the 
damping coefficient be comes : 
ad 
X An increase  in -, a s  shown in Fig. 25, would then imply a corresponding 
195 
increase in C for essentially the same initial body displacement,  X, and D 
X 
vir tual  m a s s  coefficient, c ~ .  F o r  a shape such a s  this body, one would 
expect only a small  variation of the drag coefficient with Reynolds Number. 
R 
px The explanation of the inc rease  in - with u, D perhaps l i e s  in the effect 
3 n 
p~ of wave generation upon the quantity - . 
W 
F r o m  Eq. 40 it is seen that for  the case  of f r ee  oscillations a l l  d i ss i -  
pative effects enter  into the determination of the coefficient - . F o r  a 
w 
given amplitude of body motion, since the ends of the body ac t  a s  wave 
genera tors ,  the wave amplitude generated and hence the energy dissipated 
by  the body would inc rease  with increasing frequency of oscillation. It 
appears  that this i s  an  important par t  of the dissipation associated with 
the body for  this type of oscillation. Since the forced and f ree  oscillations 
of the body a r e  basically different insofar a s  wave generation i s  concerned, 
one would not expect the evaluation of the damping charac ter i s t ics  f r o m  
f r e e  oscillations to give a rea l i s t ic  picture of the energy dissipation 
associated with the dynamics of moored bodies in waves. However, it 
will be  shown that, for  most  of the experiments described herein,  energy 
dissipation is relatively unimportant in  describing the forced oscillations 
of the moored body in the laboratory sys tem.  
4. 2 cha rac te r i s t i c s  of Wave Basin 
Before discussing the response charac ter i s t ics  of a simply 
moored body in surge in a standing wave system, some comments should 
be made about the response of the basin alone. Consider a simple r ec -  
tangular wave basin with a paddle wave generator ,  which i s  hinged a t  the 
bottom, a t  one end of the basin,  paral le l  walls perpendicular to and a t  the 
ends of the paddle, and a perfectly reflecting wall paral le l  to and a t  a 
distance "a" f r o m  the paddle. It has  been shown (see Ippen and Raichlen 
(17)) that variation of wave height a t  the reflecting surface with wave 
length for the inviscid case  i s  approximately given by: 
2b0 h/ho 
H = 
s i n k  a 
wherein b 0  i s  the amplitude of the paddle motion a t  the water surface and 
lo is the deep water  wave length. 
Eq. 43 says  that one would expect infinite wave heights ( resonance)  
a t  values of ka equal to integral  multiples of T. F o r  the fundamental mode 
this  means that a t  resonance the wave length is one half the length of the 
basin.  In other words when the paddle i s  passing through the zero  motion 
point (the plane of the paddle i s  ver t ical)  e i ther  a maximum or  a minimum 
wave amplitude occurs  a t  both the paddle and the end wall located a dis-  
tance "a" f r o m  the paddle. Since in this  position the paddle has  attained 
the maximum velocity, this means that maximum kinetic energy is being 
added to the wave sys t em when i t  possesses  only potential energy. This 
addition of energy i f  not affected by viscous dissipation would cause infinite 
amplitudes in the basin. 
The wave fi l ter located in front of the wave generator and mentioned 
in Section 3 .  1 provides additional dissipation in the sys tem and allows 
the wave period to be changed quickly compared to a sys t em with low 
dissipation. The response of the basin with a wave f i l ter  i s  shown in 
Fig.  26 f o r  wave periods slightly grea ter  and slightly l e s s  than the 10th 
harmonic (T  = 1.22 sec .  ). The wave heights presented were  measured 
in a corner  of the basin near  the reflecting end. F r o m  a curve such a s  
this  i t  is possible to  approximately determine the t ransmiss ion  coefficient 
of the wave f i l te r  (see Ippen, e t  a1 (21)) using the expression: 
where KT i s  the ra t io  of the amplitude of the wave t ransmit ted through 
the f i l te r  to  that incident upon the f i l ter ,  H i s  the wave height measured  R 
a t  the backwall a t  resonance,  and HA i s  the wave height measured  a t  the 
backwall midway between resonant periods.  Using Eq. 44 a t ransmiss ion  
coefficient of approximately 78% i s  obtained. Ippen and Goda (22) show 
that the t ransmiss ion  coefficient of wave f i l ters  must  be l e s s  than approxi- 
mately 50% in order  to adequately descr ibe an open s e a  system. There-  
fore ,  the wave f i l ter  used in  this  study only provides sufficient dissipation 
s o  that  it does not take a prohibitive amount of t ime for  the wave sys t em 
in the basin to come to a steady s tate  af ter  the wave period has  been 
changed. The resonant per iods of this basin for a 1 ft depth and a 
fr ic t ionless  sys tem a r e  shown in Table 2. Since the wave period va r i e s  
approximately a s  the square  root  of the wave length, a s  the wave period 
dec reases  the percentage difference between resonant per iods decreases .  

Table 2. Resonant Per iods  for Closed Basin System 
-- - 
Harmonic Wave Per iod  (Sec. ) 
Fig. 26 also shows the wave heights that were obtained with the 
moored rectangular body in  the water and located with i t s  centerline 
approximately 2 ft  f r o m  the reflecting surface. The wave heights were 
measured in the same  location as for the case without the body. This 
shows some reduction in wave height near  resonance due to the moored 
body, but away f r o m  resonance the wave height is essentially the same 
with the body in place a s  without the body. Therefore,  one has some 
degree of confidence that  away f rom resonance, measurements  of the 
wave height with the body in  the water a t  this location a r e  equivalent to 
the wave heights with the body out of the water .  
The two-dimensional nature of the wave sys t em in the basin i s  shown 
in  Figs .  27a and 27b. The ordinate of the f igures  i s  the wave height 
measured  at th ree  locations along the backwall of the basin, one at  each 
corner  of the basin (7 1 / 2  in. in f rom the sidewalls which a r e  12 ft 
apar t ) ,  and one on the basin centerline a t  the backwall (all  measured  with 
the body in place).  These locations a r e  denoted in  the figure a s  East ,  
West, and Center.  The rat io  of the natural  per iod of the moored body 
(T  = 1. 305 sec )  to the standing wave period is plotted a s  the absc issa .  
I t  is plotted this  way so  that this figure can be used in the discussion of 
the response curves.  In Fig.  27a the wave generator  was operated a s  a 
piston, and a s  a paddle in Fig.  27b moving a t  a somewhat smal le r  stroke. 
In both cases  the centerline of the  moored body was located 4 ft f rom the 
backwall. F o r  the present  discussion the wave heights measured on the 
basin centerline,  direct ly  behind the body, will be disregarded with 
attention given only to the data referr ing to the wave heights a t  the co rne r s  
of the basin. The waves generated by the piston motion a r e  generally 
higher for  essentially the same stroke compared to the case of the generator 
moving a s  a paddle. F o r  the data of Fig.  27a the difference between the 
wave heights a t  the two co rne r s  of the basin is l e s s  than 1070. The paddle 
generated waves, whose heights a r e  presented in Fig.  27b, show more  
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sca t te r  although the difference between the co rne r s ,  except fo r  very low 
wave heights, is approximately the same.  The various basin harmonics 
a r e  indicated along the absc issa  by the a r rows  and the number of the 
harmonic written above. These values correspond fair ly  well to the 
maxima of the data presented. 
4. 3 Character is t ics  of Moored Body in Forced  Oscillation 
4.  3 .  1 Linearity of System 
Before discussing the general response character is t ics  of a 
simply moored body, i t  i s  of in te res t  to  investigate the l inearity of the 
experimental sys tem.  This was accomplished by varying the stroke of 
the wave generator ,  and i t s  mode of operation (piston o r  paddle motion) 
for  the same wave periods and measuring the corresponding wave heights 
and body motions. If the sys tem is l inear ,  the response function X 
-A 
should be independent of the s t roke of the wave machine. The result8 
of these experiments a r e  shown in  Fig. 28 where in  the lower portion of 
the figure the wave amplitude and resulting body motions a r e  plotted 
. I  
against  the normalized wave period, - , and in the upper half of the T 
X figure the corresponding response function - is presented. A 
The s troke of the wave generator was var ied  f r o m  0.0207 to 0.0735 in. 
for  the case  where the generator was operating a s  a piston, and f r o m  
0.0435 in. to  0.064 in. when i t  was operating as a paddle. Hence, t he re  
was a t  most  a three-fold variation in stroke. Therefore,  there  would be 
corresponding variations in the height of the generated wave for the same  
wave period. The wave heights denoted a s  2A were  measured  in the two 
co rne r s  of the basin and on the basin centerline,  the exact locations have 
been descr ibed previously. These locations a r e  denoted in Fig.  28 a s  

East ,  West, and Center. The maximum excursions of the body, 2X, 
a r e  shown in the lower half of the figure. The centerline of the body was 
located 4 ft  f r o m  the basin backwall for all data shown. 
It is seen f r o m  this figure that the response character is t ics  of the 
body a r e  reasonably independent of the height of the standing wave. (The 
normalizing wave height used in  the experimental definition of the response 
function i s  the average of the wave heights measured  in  the two corners  
of the basin fur thest  f rom the wave machine. (The reason for this i s  dis- 
cussed in  Section 4. 3. 3. ) F o r  instance, a t  a value of' = 0. 96 two waves T 
were  generated; one with an  average height of 0. 02 in. and one with an. 
X 
average height of 0. 043 in. The corresponding amplification factors  - A 
shown a r e  4 .75  and 4.95. The discrepancies  he re  and a t  other wave 
periods a r e  probably due more  to the difficulty of accurately measuring 
ve ry  sma l l  wave heights and body motions r a the r  than to non-linearit ies 
of the system. F r o m  Fig.  28 i t  is felt that the general statement can be 
made that the moored body responds in a l inear  fashion to incident 
standing waves. 
4.  3 .  2 General Charac ter i s t ics  of Wave Svstem 
One of the objectives of this study was to investigate the forced 
oscillations of a simply moored body for a wave sys t em ranging f r o m  
deep-water waves to shallow-water waves. To accomplish this two 
na tura l  per iods (frequencies) of the body were  chosen. F o r  one case  the 
natural  per iod of the body was adjusted s o  that i t  corresponded to the 
average period of waves that were  in the intermediate range between deep 
and shallow-water waves for the depth of water  used. In the second case  
the natural per iod of the body was adjusted to be i n  the deep-water wave 
period region for this  depth. 
The range of per iods used in  the p rogram i s  shown in  Fig.  29 where 
the rat io  of the wave length to  the deep water wave length for that wave 
period i s  plotted a s  a function of the rat io  of the natural per iod of the 
body to the wave period. This figure shows that for the body with the 
l a rge r  na,tural period the major  portion of the testing p rogram was over 
a range of wave lengths that was g rea te r  than 40% of the corresponding 
deep water  wave length; whereas for the smal le r  natural period of the 
body the wave length over the major  range of testing was grea ter  than 
7570 of the corresponding deep-water wave length. 
More general  wave charac ter i s t ics  a r e  shown in F igs .  30a and 30b 
f o r  body natural  per iods of 1. 305 s e c  and 0.664 s e c  respectively.  In 
each of these f igures  the wave length, wave number,  ra t io  of depth to 
wave length, and rat io  of body length to wave length a r e  plotted a s  
functions of the rat io  of the natural  period of the body to the wave period. 
It is interesting to observe f r o m  these curves the ra t io  of the body length 
7 to the wave length near  resonance (- = 1). F o r  the case  of the body with T 
the l a rge r  natural  period ( T  = 1.  305 sec .  ) the wave length is approximately 
three t imes  the body length nea r  resonance, whereas for the body having a 
natural  period of 0.  664 sec .  this  ra t io  i s  approximately unity. 
4 . 3 . 3  Response of Moored Body 
Three response curves were  obtained for each of the two natural  
per iods of the body. Each s e t  of curves i s  for a par t icular  distance of the 
body f r o m  the backwall of the basin.  
F igs .  31, 32, and 33 show theoretical response curves and c o r r e s -  
ponding experimental data for distances of 1. 95 ft, 4. 0 ft ,  and 6 .0  f t  
respectively f rom the backwall of the basin to the center of the body fo r  
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Fig.  30b. Gene ra l  Cha rac t e r i s t i c s  of Wave Sys t em 
( T  = 0 . 664  s e c .  ) 
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a natural period of the body of 1. 305 sec.  The weight of the body was 
adjusted s o  that for  the depth of immers ion  chosen (D 0 .  375 f t )  the 
body was neutrally buoyant. 
The resu l t s  of four different experiments a r e  shown in Fig.  3 1. The 
wave amplitudes used in  normalizing the ordinates were  obtained f rom 
the average of measurements  taken nea r  the two corners  of the basin 
furthest  f r o m  the wave machine ( approximately 7 112 in. f r o m  the basin 
sidewalls and 1 / 2  in. f rom the backwall). Information on the s t roke and 
configuration of the wave generator  a r e  presented in Table 3 for Runs 12 
through 16 which a r e  for the case  of the body with the l a rges t  natural 
period (T = 1. 305 sec.  ) .  Again i t  can be seen  f r o m  the relatively good 
agreement  among data with different wave generator sett ings but approxi- 
mately the same wave period that,  a s  shown in Fig.  29, the moored 
sys tem responds l inearly to  the applied force.  Considering the repro-  
ducibility of the data shown in Fig.  3 1 for values of T / T l e s s  than unity 
the apparent sca t te r  cannot be completely attributed to experimental 
e r r o r .  It is interesting that the theoretical response curve for  zero  
damping ag rees  well with the experimental data for  smal l  values of T I T  
( less  than 0 . 8  ) and for values of T /  T grea ter  than unity. In fact i t  could 
be said that away f r o m  the neighborhood of resonance the average of the 
experimental data shown a g r e e s  fair ly  well with the theoretical curve 
for  no damping. 
The disagreement between theory and experiment over one range of 
wave periods and fa i r ly  good agreement  over a different range of wave 
periods can probably be attributed to the waves which a r e  generated by 
the oscillating body. The presence  of a wave sys tem caused by the 
83 
Table 3 .  Wave Generator Configuration and Stroke (T  = 1.305 sec.  ) 
Run 
- - 
Configuration 
Paddle 
Pis ton 
Pis ton  
Paddle 
Paddle 
Pis ton 
Paddle 
Paddle 
Paddle 
Paddle 
Paddle 
Paddle 
Paddle 
Total Stroke 
(in. ) 
motions of the body is apparent when the wave heights measured direct ly  
behind the body (near  the backwall) a r e  compared to the wave heights 
measured  in the two co rne r s  of the basin. Unfortunately, for the data 
shown in Fig.  31, the centerline wave height was not measured;  however, 
f r o m  Figs .  27 and 28  (corresponding to the response curve shown in  
Fig.  32)  i t  can be postulated that there  would a lso  be a s imi lar  difference 
between the th ree  wave heights for this case.  If this assumption is cor -  
r ec t ,  then i t  follows that any wave generated by the body will in turn 
modify the net p r e s s u r e  force on the body thereby altering i t s  motion 
and causing disagreement  with a theoreti.ca1 approach which neglects 
the wave-making ability of the body. To be consistent with the theory 
presented in Section 2. 1,  the wave height used to normalize the response 
function was always the average of the standing wave heights in  the 
corners  of the basin. Therefore,  i t  s e e m s  reasonable to a s sume  that 
where there  is an  apparent sca t te r  of the data wave generation by the 
body is important (for .r / T  < 1 in  Fig. 31); the converse being t rue  for 
T / T  > 1. This wave-generation effect will be discussed i n  more  detail 
with reference to Fig. 32. 
The values of the normalized period ( T I T )  for the var ious modes of 
oscillation of the wave basin a r e  indicated along the absc issa  of Fig. 31 
by a r rows  with the numbers  above corresponding to the number of the 
harmonic.  It i s  interesting to note that the maxima of the experimental 
data for  values of T /  T < 1 correspond relatively well to the harmonics  
of the basin. This indicates that when the body is acting a s  a wave 
generator the amplitude of the body motion and hence the wave generated 
i s  ve ry  much affected by the incident wave amplitude, i. e . ,  the response 
charac ter i s t ics  of the wave basin. 
A theoretical curve is included in Fig. 31 for the case  with damping, 
B,/W = 0. 1. I t  i s  seen for  this case  that the effect of damping on the 
response curve i s  sma l l  except in the immediate vicinity of resonance 
where,  due to finite amplitude effects, the applicability of this smal l  ampli-  
tude theory would itself be in question. The value of the damping fac tor ,  
B / w , obtained for this configuration f rom the f r ee  os  cilLation of the moored 
X 
body was 0.11.  The question can rightly be asked: should the damping 
factor fo r  the f r e e  oscillation described by Eq. 40 be the same a s  that 
included in the solution for the forced oscillation, Eq. 27. The answer 
to  this would, in a l l  probability, have to be no. Since Fig.  25 indicates 
that the wave making contribution to energy dissipation in  f ree  oscil la- 
tion may be quite la rge  compared to viscous dissipation, one would not 
expect the wave making dissipation to be the same  in both cases .  How- 
ever ,  i t  can be said with reference to the experimental data and the 
undamped theoret ical  response curve shown in Fig.  31 that in this  case  
dissipative effects a r e  small .  
The effect upon the theoretical response curve of varying the natural  
frequency of the body was a l so  investigated. If one a s sumes  that the 
vir tual  m a s s  (displaced m a s s  t hydrodynamic added m a s s )  could be in 
e r r o r  by *100/0 this would introduce an e r r o r  of k570 in the natural f r e -  
quency. It was found that i f  this variation of the natural  frequency was 
introduced into the expression describing the theoretical inviscid curve 
of Fig.  31, the variation f r o m  the curve shown was smal l ;  l e s s  than 
37'0 away f r o m  the immediate vicinity of resonance.  
Undamped response curves and corresponding experimental data a r e  
presented  in F igs .  32 and 33 for  a natural  period of the body of 1. 305 sec .  
and for two different locations of the body i n  the wave basin. In Fig.  32 
the center of the body was located 4 ft f r o m  the backwall and in Fig.  33 
this distance was increased  to 6 ft.  In both cases  i t  i s  interesting to s e e  
that again the re  a r e  distinct regions of T I T  where agreement  between the 
small-amplitude theory and the experimental r e su l t s  i s  relatively good, 
and a lso  regions where there  is a significant sca t t e r  of experimental data 
about the theoret ical  curves.  Typical wave amplitudes and body motions 
that  were used in defining the response function presented in Fig.  32 
were presented in Fig. 28. F r o m  Fig. 28 i t  can be seen, in general,  that 
where the scat ter  of the data in Fig.  32 is the greatest ,  t he re  i s  a signifi- 
cant difference between the wave amplitudes measured in  the two corners  
of the basin and that measured  direct ly  behind the body a t  the basin back- 
wall. The converse is t rue  in  regions of T I T  where there  i s  sma l l  s ca t t e r ,  
7 
e. g. 0. 84 < - < 1.0.  Therefore,  the wave-making charac ter i s t ics  of the T 
body appear to be quite important in defining the response character is t ics  
of a moored body. 
It i s  interesting to view Figs .  31, 32 and 33 in an overal l  sense to 
s e e  the effect of location of a moored body i n  a standing wave system. 
A s  mentioned previously, the wave function defined by Eq. 26c imposes 
a cer tain number of ze ro  responses  on the body charac ter i s t ics  which 
a r e  a function of the range of wave periods under consideration. F o r  a 
given range, a s  the distance of the body f r o m  the backwall increases ,  
the number of zeroes  inc reases .  This in effect forces  the response curve 
near  resonance to become m o r e  peaked, o r  in other words,  for the body 
response to become more  selective in a periodwise sense.  
This can be explained physically with the aid of Fig.  34. This des -  
criptive figure shows the body located a t  two different distances f r o m  a 
reflecting surface in eight different standing wave sys  tems with periods 
decreasing f rom T to T8. At the bottom of the figure qualitative 1 
response curves a r e  shown for  the corresponding body positions. These 
were  drawn af te r  letting the shor tes t  period shown, T8' correspond to the 
natural  frequency of the body. If one a s sumes  that the major  force acting 
on the body is the net p r e s s u r e  force,  then a s  the wave length dec reases  
ZERO MOTION T,>T>T, 
T, > T 
r T (RESONANCE) 
Fig.  34. Effect of Body Posi t ion and Wave Pe r iod  on the 
Response Curve of a  Body with a  Given Natural 
Pe r iod  
f r o m  T fo r  the body closest  to the wall (distance b l ) ,  the force con- 1 '  
tinually increases .  F o r  a l inear  sys tem the body motion will increase 
correspondingly. However, i f  the body i s  moved fur ther  f r o m  the wall 
to a distance b i t  i s  seen  that there will be two wave lengths in this 2' 
group where an antinode of the standing wave coincides with the center 
of the body, i. e.  , between T and T and between T7 and T8. Since 3 4 
these a r e  the wave lengths for  ze ro  net force,  the body motion will be 
ze ro  a t  these two wave periods.  Hence, between wave periods T and 3 
T the body force goes f rom ze ro  to a maximum and back to zero  again 8 
with corresponding body motions a s  shown in  the schematic response 
curve a t  the bottom of this portion of the figure. Therefore,  i t  can be 
seen that a par t icular  maximum amplitude of body motion can even be 
eliminated in this simple case  by the proper  location of the body in the 
standing wave system. 
Theoretical and experimental response curves were  a l so  obtained 
f o r  essentially the s a m e  conditions a s  those shown in F igs .  31, 32 and 
33 except that the natural  period of the body was reduced by nearly a 
factor  of two to T = 0. 664 sec .  by increasing the spring constant. These 
resu l t s  a r e  presented in Figs .  35, 36, and 37 fop distances f rom the 
center of the body to the reflecting surface of 2 ft,  4 ft ,  and 6 f t  respec-  
tively. F o r  al l  of the experiments which yielded the data presented in 
these figures the wave machine was se t  a s  a paddle with a total  s t roke 
of 0.067 in. 
As  before i t  can be seen  that  the number of zeroes of the response 
curve increase  a s  the distance f rom a reflecting surface increases .  This 
in turn  causes the response curves to become more  selective near  
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Fig .  3 7 .  Response Curve of Single Moored Body 
( 7  = 0.664 sec . ,  b = 6.0 ft) 
resonance a s  this distance inc reases .  F o r  instance, for a response x/A 
equal to unity and for the case where the center of the body i s  located 2 f t  
f rom the backwall, the bandwidth of the major peak ranges  f r o m  T / T  = .  91 
to T I T  = 1. 015 or a width of A ( T I T )  = 0.  11. When the distance increases  
to 6 ft the l imits  of the peak a t  a unit response a r e  T / T  = 0.98 to T / T  = 1 .02  
o r  a width of n ( T /  T )  = 0.04.  Since the major  effect of damping i s  to  
reduce the body response a t  resonance i t  i s  possible that, due to the com- 
bined effects of energy dissipation and the narrowing of the response 
curve near  resonance, an  attenuated response always occurs ,  i. e . ,  the 
response function X/A i s  always l e s s  than unity. In other words,  due to 
a high body natural  frequency, the response of the body in surge may be 
unimportant a s  far  a s  g r o s s  movements a r e  concerned. 
The sca t te r  of the data in F igs .  35, 36 and 37 i s  l e s s  than for  the 
corresponding data obtained with moored body having a l a r g e r  natural  
period ( T  = 1. 305 sec .  ). This may be at t r ibuted to the smal le r  effect of 
wave generation in the case  of the body with the smal le r  natural  period. 
Since the natural  period of the body was decreased by increasing the 
spring constant of the sys tem,  the restor ing force was correspondingly 
increased and the body motions were  reduced compared to the sys tem 
with a l a rge r  natural  per iod.  Thus for the same  period of oscillation 
the wave amplitude generated by the body would be sma l l e r .  This i s  
supported to some extent by the fact that there is not a s  l a rge  a var i -  
ation among the wave amplitudes measured  a t  the three  locations in the 
basin (the two corners  and direct ly  behind the body) for this  case a s  
there i s  for the body with the l a rge r  natural period and correspondingly 
l a rge r  body motions. This i s  not to say that energy dissipation i s  l e s s  
important here ,  actually i t  i s  the contrary. However, the effect of the 
basin responses on the body appears to be l e s s .  It i s  apparent f r o m  
Figs.  35, 36 and 37 that resonance i s  not a significant problem for this 
moored system. In all  three cases  shown the body motion i s  attenuated 
compared to the wave amplitude instead of being amplified. 
It  i s  of in teres t  to note the range of the rat io  of body length to wave 
length represented by the two se ts  of response curves i. e Figs.  31, 32, 
and 33 for 7 = 1.304 sec.  and Figs.  35, 36 and 37 for 7 = 0.664 sec .  F o r  
the moored body having a natural period of T = 1. 305 sec.  the rat io  of 
body length to wave length varied f r o m  0. 1 to 0. 8. This ratio varied 
f r o m  0. 25 to 1. 5 for the moored body with the smal ler  natural period 
(7 = .664 sec .  ). Even for the la t te r  case where the wave length i s  com- 
parable to the body length, agreement with the smal l  amplitude theory i s  
fair ly  good. Therefore,  it can be stated that the theory developed by 
Wilson applies reasonably well even when the wave length becomes small  
compared to the length of the body. Also, in addition to this,  the 
theoretical approach i s  applicable over the full range of wave length to 
depth ra t ios ,  i. e .  , f rom shallow water waves through the intermediate 
region to deep water waves. 
5. Conclusions and Recommendations 
The conclusions which a r e  drawn f rom this f i r s t  phase of the investi-  
gation a r e  divided into two p a r t s ;  the f i r s t  pertaining specifically to the 
laboratory study, and the second relating some of these conclusions to 
the small-craf t  mooring problem in  mar inas .  
5 .  1 Conclusions Related to  the Laboratory Investigation 
1. In general it can be stated that the theory proposed b y  
Wilson (5)  and Kilner (7 )  adequately descr ibes  the surge motion 
of a body l inearly moored in a standing wave sys tem by elast ic  
l ines .  The laboratory investigation reported herein was a more  
rea l i s t ic  representat ion of the physical sys tem than that used 
by Kilner (7 )  and accordingly revealed cer tain fea tures  not r e -  
ported previously. 
2. The coefficient of vir tual  m a s s  of the body (rectangular 
parallelpiped of aspect  ra t io  4 : l )  determined f rom simple f r ee  
oscillations was found to cor re la te  best  with the rat io  of draf t  
t o  beam (D/B).  F o r  a variation of D / B  f rom 0.  25 to  0. 95 the 
coefficient of vir tual  m a s s  (C ) varied f rom approximately 1. 1 M 
to 1. 25. Due to the sca t te r  of the experimental data,  i t  i s  felt 
that this method of evaluation of the added m a s s  i s  not com- 
pletely satisfactory. 
3 .  The damping coefficient, p X / w r  obtained f r o m  the 
decay of the f r ee  oscil lations of the body showed a definite 
tendency to increase  with increasing N D  (the product of c i r -  
cular  natural frequency of the moored body and draf t ) .  This 
is contrary to what one would expect for an oscillating body 
in an infinite fluid, and indicates the effect of the energy that 
goes into waves generated by the body on the general diss i-  
pative qualities of the body. It should be real ized that the 
dissipation associated with f r ee  oscillations is different f rom 
that associated with the wave induced oscillations of a body. 
4. The body moored by a l inear  spring to a fixed sup- 
por t  responds in a l inear  fashion even for relatively la rge  
body motions. 
5.  The experimental data obtained on the response 
charac ter i s t ics  of the body a r e  in reasonably good agreement  
with the theory proposed by Wilson (5) .  The rat io  of wave 
length to depth covered by this investigation varied f rom 
approximately the shallow water wave l imit  to the deep water  
wave l imi t .  The rat io  of body length to wave length varied 
f r o m  a value of 0. 1 to 1. 5.  
6 .  It was found that a variation in the vir tual  m a s s  co- 
efficient, CM, of *10y0 which introduces a 55% variation in 
the natural  frequency of the body introduced a negligible var i -  
ation in the theoret ical  response curve. 
7. Agreement  between the experimental data and the 
theoret ical  response curves i s  bet ter  for cer tain ranges of 
the ra t io  of the natural  period of the body to the wave period, 
T IT ,  than i t  i s  for  others .  This i s  attributed to the effect 
of wave generation by the body on i t s  motion; the wave gen- 
erat ion being m o r e  important a t  values of T I T  in  the region 
of the maximum deviation of the experimental  data f rom the 
ore t ica l  curves .  
8.  The energy dissipation associated with the forced 
oscillation of the moored body i s  quite different for the two 
sys tems which were  investigated. The body with the l a r g e r  
natural period exhibited very l i t t le energy dissipation, where- 
a s  the opposite i s  t rue  for the body with the smal le r  natural  
period. 
9. The response curves become more  selective with 
respec t  to frequency a s  the distance of the body f r o m  a r e -  
flecting surface inc reases .  It i s  possible to reduce the 
effect of resonance considerably, simply by choosing the 
proper  body location for a par t icular  natural  frequency. 
5. 2 Conclusions and Recommendations Related to the Prototype 
System 
1. The basin response i s  obviously of importance in 
determining the maximum amplitude of motion in surge of 
a moored body. 
2 .  The location of a moored boat in a marina i s  im-.  
portant considering the effect of body location on the response 
curve. It may be feasible,  for a given incident wave period, 
to locate boats of var ious s izes  in different a r e a s  of the 
mar ina  depending upon the natural  frequency of the boat- 
mooring system. The p re fe r red  location would a lso  be 
influenced by the response charac ter i s t ics  of the basin and 
the expected three-  dimensional amplitude distribution within 
the basin. 
3 .  Considering the effect of energy dissipation upon the 
response curve and the increase  in selectivity of the response 
curve with increase  in distance f rom a reflecting surface it 
appears  that the fur ther  a body i s  f rom a reflecting sur face  
the smal le r  the probability that there  will be a significant 
response near  resonance. It i s  possible that with a high 
natural frequency of the body coupled with the energy dissipa- 
tion of the sys t em the body response expressed  a s  X / A  could 
always be l e s s  than unity. 
4. This initial study emphasizes the need for prototype 
information on smal l -c raf t  motions, natural  frequencies of a 
sizeable range of boat s izes ,  and damping information on 
these vesse ls .  
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A P P E N D I X  A 
Table  A- 1. S y s t e m  C h a r a c t e r i s t i c s  fo r  De te rmina t ion  of 
Damping Cieff ic ients  and Vi r tua l  M a s s  Coefficients  
- - - A i r  
1 .142  
1 .130 
1 .140 
1.  176 
1.  169 
1 .149  
1. 07 
1.  132 
1 .166 
1. 171 
- - - A i r  
1 .055 
1.  174 
- - - A i r  
1.  119 
1 .157 
1. 248 
1 .182 
1.  196 
1. 205 
1. 23 
1.  262 
1 .275 
1. 268 
1. 252 
1. 228 
1. 225 
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